Architectural geometry:
Freeform Curves
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Freeform curves

B Control polygon (points)
— Construction of freeform curve
— Modification of freeform curve

freeform curve

control polygon
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Freeform curves

B Interactive curve design
— Interpolation
— Approximation

interpolating curve with tangent directions approximating curve

last
control point

first ——
control point
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point l! I
tangent direction control polygon
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Hermite interpolation
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Parametric curve °€J°

C(t) = ) BF;,(t)P,

BF: basis function
P : control point
n : the degree of curve
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Parametric curve
B Representation is not unique!

C(t) = Y Bin()P, (0<t<1)
1=0

S PBy (@i (0<t< 1)
1=0

B; n(t) = jim= z),tz(l t)"~*: Bernstein basis
function

P . control point

n : the degree of curve

PB; ,(t) = t': Power basis function

Q: appropriatev.c.o.effi.c;i_e_nt_v e
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Basis conversion . 3
2

C(t) = > B;2(t)P
1=0

(1 —t)°Py 4+ 2t(1 —t) Py + t°Ps
t?(Pp — 2Py + P2) + t(—2Py + 2P1) + Py

2
Y PB;»(t)Q;
i=0

where Qg = Py, Q1 = —2Py + 2P; and Q» =
Fo—2P1 + P
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Bernstein basis functions °€J°

Bernstein basis (polynomial) function for
n=1 n=2and n =3
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Bézier curves 0610

B de Casteljau algorithm (n = 3;cubic case)

control polygon

b,
sy curve tangent in b(t)

L
/ step curve point to
b, parameter t

curve
tangent

. cubic Bézier curve

curve tangent in b,
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Bézier curves ﬂoﬁ

B de Casteljau algorithm (n = 3;cubic case)

Given: by, b;,....,b, € Fandt € R,
Set:

b/ (t) = (1 — )b~ (1) + b} 7] (t) { : :0 (32)

and b?(r) = b;. Then bjj(¢) is the point with parameter value 7 on the Bézier curve b".

s bi(r) bi(r) b(2)
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Subdivision of Bézier curves

subdivision porperty corner cutting
of Bézier curves
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Zp

B A parabolic arc with axis A as quadratic Bézier curve

B Construction of a parabolic arc with a vertex and an
axis

Parabolic arc via Bézier curve

(a) ? (b)

by(1/2)

e

o bX(1/2)
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Properties of Bézier curves

B Convex hull property
— Linear precision

B Affine invariance

B End point interpolation

planar curves spatial curves
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Limitations of Bézier curves

Zp

B A large number of control points is impractical.

— Required for satisfying a large number of constraints
(ex: (n-1)-degree necessary for Bézier curve through n
data points)

B The control points have global control on the shape
of the curve.
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Piecewise Bézier curves "o)"

B How to select control points in order to satisfy
— Tangent continuity
— Curvature continuity

(a) (b)
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B-Spline curves

B A set of piecewise Bézier curve segments
— Control points: (Im + 1)

— Degree: n u={0,---,0,---,1,--- 1}

— Knot vector withsize (im+1+n+ 1) =k N N

— #ofcurvesegments: (k—2*n—-1)=(m—-n+1)

m=7,n=3, k=12, 5 curve segments
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B-Spline basis functions




Zp

The influence of the degree
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Zp

Local control on the shape

B Modification of a control point
— change only (n + 1) curve segments

d,

74 o unchanged
d. . gy part of curve
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(b)

Figure 3.2. (a) Cubic basis functions U = {0,0,0,0, /4, 1/2, %s,1,1,1,1}; (b) a cubic
curve using the basis functions of Figure 3.2a.




Open and closed B-Spline curves 9‘,)"

B Closed B-Spline curves
— Control points: (Im + 1)
— Degree: n
— # of curve segments: (Im + 1)

d0=d7 =
0 o dS A dﬂ d? = dS

closed mode
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Open and closed B-Spline curves Pab

d,=b,
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Drawback of B-Spline curves 9!’

B While a parabola can be reprsented by B-Spline
curve, B-Spline curve can not represent a circle, an
ellipse, and a hyperbola.

— Rational (polynomial) is required to represent a circle,
an ellipse, and a hyperbola
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NURBS curves

Z N;  (t)w,d,
C(t)="= w; . weights
Z Ni ) (t)W| . planar NURBS curve
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The influence of the weight

Ry,
14 Rz 3 ?

Figure 4.2. Rational cubic B-spline curves, with w3 varying.

0 M " ” i
(c)

Figure 4.3. The cubic basis functions for the curves of Figure 4.2. (a) w3 = 1; (b)
w3 = 30; (c) w3 = 0. ’
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NURBS curves

Table 8.1 Design handles for freeform curves. 0

control points

degree weights

Bézier o
B-spline o .,
NURBS - 7 7

uniform weights

d,

ef
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Conic sections as NURBS curves %:)"

parabolic arc

d,

Wy W wh
Parabola 1 1 1
Hyperbola 1 > 1 1
Ellipse 1 %} 1
Circle 1 sin(@/2) 1
hyperbolic arc elliptical arc

d, d,
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Subdivision curves %:1"

B Iteratively subdivide (refine) initial control polygon
— Control polygon (point)
— Subdivision (refinement) level

B Chaikin’s corner-cutting algorithm
— Uniform quadratic B-Spline curve

— Closed curve Zopen curve

3/4

1/4 1/2

1/2

Voronoi Diagram Research Center



Subdivision curves cfb

step 1

B Lane-Riesenfeld algorithm
— Split and n x average
— Uniform B-Spline curve |

step 2

of degree (n + 1)

step 1 step 2

QOO

split 1 x average split 1 x average

1 x average 2 x average




Subdivision curves

B The four-point scheme

pjf"“” = —Pi T (1/2 + w)-pi : g (1/2 + w)-p,—H = WP
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