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Algebralc proofs of trigonometric idenfities

In this lesson, we will look at various strategies for proving identities.

Try to memorize all the different types, as it will make things much simpler for
you when they are mixed together.

Type I: Identities with multiplication & division:

In these proofs, you will need to convert everything to sine and cosine, then use
fraction multiplication & division to simplify.

Example 1: Prove: sinxsecx = tanx
sin xsecx

~ons{ L) Fraction Review

s5mnx \
_ g: f / Multiplying Fractions:
To multiply fractions, simply multiply
the numerators together, and the
tanxcosx denominators together.
-~y

Example 2: Prove: ————=1

SINnx sinx . 1 sinx

- 2
COSX COsx Cos x

lan xcos x
sinx

( S'_n Y |cost Canceling:
= 8T/ When multiplying fractions you will
frequently find factors that can be
cancelled. You can cancel something
on top with something identical on
the bottom.
cosx sin’x
- x
s x Cosx
Example 3: Prove: O5CX _ secx _gesT_sin’x
cotx sm’f cesT
CsCx —sinx
Dividing Fractions:
When dividing fractions, rewrite the
top fraction, then multiply by the
reciprocal of the bottom fraction.
sinx
cosx _ Sinx N 1 sinx

COSX COSX COSX COS X
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Identities will always
have the following two
properties:

1) If you graph the left
and right sides, you
will obtain exactly the
same graph.

2) If you plug in the
same angle for x on
both sides, you will
obtain exactly the
same number.

2) Prove: €sCXC0SX = cot X

=SeCX

" cot xcos x tan X
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tanx sin®x
5) Prove: ——=
CSCX  COSX

_ SECXCSC X
cot x

X
=sin XCOS X 8) Prove =sec’ X

SeC X CSC X tan? x cos X
ve: 1 0) Prove;, ——M =

> =tan x
Csc” X 2secx
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cotxtanx
ZEEX][

cosxY

Sir

CSCXCOsXY

1
- Cos X
sin x

CoSX
sin x
=cotx

cotxcosxtanx

WULTRCATOY & DUSDY DEYTTES

]
cos” x
cotx
2
_cosTx
COS X
sin x
- nx
=¢0S xx
Los
=cosxsinx

secxcscx
cotx
1 1

_ €osx sinx
COS X

sin x
B 1
COSXSIAYT COSX
1

9) SCCXCSCX

2
CsSC X
SCC X

cscx
|

10) tan Xcosx

2secx

sin?;
S COSX
_cos’ x
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We will now look at identities where adding & subfracting is llzvolved You will first
convert everything to sine & cosine, then use a common denominator fo simplify the

fractions.

Example 1:

) 1+ sinxcosx
Prove: secx+Ssinx =

COSX
Secx +sinx

1 sinx
cosx 1

1 .\ sinx (cosxj
COSX I \cosx

1 N SINXCOSX
COSX COSX
1+ sinxcosx

COSX

Example 2:

COS’*X + sinx
Prove cotx +secx =

sinxcosx

COtx +secx

COotX +
COSX

COSX 1
sinx COSX

COSX (cosxj s 1 [ sinx j

sinx \ cosx ) cosx |\ sinx
cos’x sinx

SINXCOSX " SINXCOSX

COS*X + sinx
SINXCOSX

Fraction Review

In multiplying & dividing fractions, \
you don’t need a common denominator.

In adding & subtracting fractions,
you always need a common denominator.

Example 1:
1 1

e
cosx sinx-1

Multiply the first fraction by the denominator of the second fraction.

Multiply the second fraction by the denominator of the first fraction.
1 (sinx-1 . 1 (cosx
cosx |\ sinx-1) sinx-1\ cosx

Now multiply the fractions together and simplify

_ sinx-1 . COsX
cosx(sinx-1) cosx(sinx-1)

_ sinx+cosx-1

" cosx(sinx-1)

Example 2:

1
+1
COSX

Multiply the second fraction by the denominator of the first.

We don't need to do anything with the first fraction since we

will now have the same denominator.

_ 1 +1[cosxj
cosx 1\ cosx

_ 1 +cosx
COSX COSX

1+cosx
COSsX
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1—sin xcos x

1) secx—sinx=
CoS X

3) sec’x+cotx=—->—
cos® xsin x

COS X —Sin X

5) cscx—secx=—
sin X Cos X

sin X +cos® x

2) sinx+tanxsinx =

AIITN & SBTACT DEVTIES

Sin X cos X +sin? x

COS X

4) csc’ x—tanx=——;
sin’ xcos X

1-sinx
COS X

6) secx—tanx =
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cos® X +5in X . cosX+sin’ X
—_— 8) cotx+sinx="—"——-

3 7) cosx+tanx= ,
COS X sin x

COS X +Sin X 1+sinXx
= 10) cscx+1=

COS X sin x
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[ sin x ] cosx
1 Jcosx
Sin X cos x
" cosx cosx

_ l-sinxcosx
cos X

sinx + tan xsinx

. sinx ) .
=sinx+ sin x
cosx

sinx sin”x
= +

1 cosx

. 2
SInxY (COsSx S Xx
= +

1

_sinxcosx | sin” x

CosXx cosXx

cosx Cosx
. 2
SiInxcosx+smn” x

CosXx

2
sec” x +cotx
1 CcOsX
- ) + g
cos x sinx

. 2
1 (smx}_cosx cos’ x

cos’x\sinx,) sinx| cos’x

- 3
sin x cos’ x
2 . + 2 B
cos’ xsinx cos’ xsinx
sinx +cos’ x

cos® xsinx

2
csc” x—tanx
1 sin x

sin®x  cosx

. . D
1 (cosx) sinx(sin’x
sin®x\ cosx ) cosx|sin’x

cosx sin” x

sin’ xcosx sin’ xcosx
cosx—sin’ x
sin® xcosx

ADDTON é’ SUBTRACTNY ZDHYW

CSCX —SecXx
1 1

sinx cosx

[ 1 \cosx 1 sinx
sinx Jcosx \cosx/sinx

cosx sinx

SINXCOSX sinxcosx
_cosx—sinx

sinxcosx

9) 1+ tan x

sin x

secx—tanx
1 sinx =1+

= - COosXx
COSX COsSXx

. 1)cosx sinx
_1—sinx - +
= 1/cosx cosx

cosx sinx
+

COS X

COSX COSX

cosx+tanx .
__cosx+sinxy

sinx
=COosX+ COsSX
cosx

B cosx[cosx}_’_ sinx

1

pl .
COos™ x Sinx
=" 10) csex+1
COSX  COSX ]
1 sin x
+

COS X COSXx

cos X sinx sinx
1+sinx

_ cos” x+sinx -

sin x
col x+sinx
cosx .
=——+sinx
sin x
cosx ([sinx \sinx

B cosx+(sinx}sinx

sinx sin x

1

. 2
COsSx s x
+

sinx sin x

sinx sinx
cosx+sin’ x

sin x
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The three specml identities (below) are critical when simplifying frlgoqonzefrlc expressions.
The basic idea is that when you come across one of these special identities during
simplification, you should immediately replace it with whatever that identity is equal fo.
Wafich out for manipulations of these identities, as you will be expected fo recognize

them as well.

Example 1: sin’x + cos°x = 1

Prove: 1- COSZXtaHZX = COSZX

sinx = 1-cos?x  cos?x = 1 - sin’x
1- cos2xtan?x -sin®x = cos®x-1  -€0S2x = sin®x- 1

1o c&r,[sm xJ
CcosFT

—sintx - tan®x + 1 = sec’x

5 Use Special Identity Here.
=CcoSs x

tan®x = sec?x- 1

Example 2: -tan®x = 1 - sec?x
Prove: Sinx - CSCX = -cotxcosx

cot’x+ 1 = csc’X
cot’x = csc’x - 1
:(SinxJ(Sinx]_ ! -cot?x = 1 - cscx

1

sin“x 1

sinx sinx

sinx/ sinx

a2
sin” x—1

sin x : .
Use Special Identity Here.

Spread out the two cosines so
you can form cot x.
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2) cosx+tan xsin x =secx

3) tan x+ cot X =sec xcsc X 4) 1+tan® x=sec’ x

5) secx—cosx = tan xsin x 6) sin x+cotxcos x = csc X
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W j i i j
g 7) sec® x—1=sin’xsec® x 8) 1-csc? x =—cot? x

$ 9) cscx—sinx=cosxcotx 10) 1-sec’x=—tan’x
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1 sinx ) .
= sinx
cosx \cosx

1 sin® x

COSX COSX
s 72
1-sin” x

COsSX

cos X+ tan x sin x

sinx \ .
=cosx+ sin x
cos X

. 2
COsx s x

1 COs X
cosx Ycosx sin’x

cos’x sin’x
=~y

COSX COSXx

COsx

1

COsx

tan x + cot x
sinx cosx
= +—
cosx sinx
_( sinx sinx+ Ccosx \cosx
cosx Jsinx \ sinx Jcosx

2 2
sm- x Cos™ x

sin x cos x
1

Sin X cos x

sin xcosx

=S8CCXCSCX

1+ tan® x

sin’ x
=]l+—
cos” X

1cos’x  sin’x
=2 Sid
l/eos” x cos x
3 s 2
Cos” X sinTx
+

2
CO5™ X

IGONOMETRY  LESSON

/1

THREE. SFEUAL DEVTTES

SECX —COSX

1
= —C0SX
cosx

1 €OSXx \cosx
cos X 1 cosx
2
1 cos” x

COSX  COSX
~1-cos’ x

~ cosx
_sin’x

~ cosx

=tanxsinx

sin x + cot x cos x

. cosx
=sinx+| —

. cos
=sinx+—
sinx

sinx \sinx . cos’ x
1 Jsinx sinx

sinx  cos’x
==
smx sSinx

1

7)

_(lJ cos’ x
1)cos’ x

=3
cos’ x
1

I
cos™ X

2
COs™ x

2
_l-cos™x
- 2

cos” x
sin® x

5
cos™ x

. 2 1
=sm" x| ——
Cos™ x

LI 2
=S~ XSeC™ X

- 2
cos’ x

« 2
1)sin“x

. 2
_sin” x 1
==
sin” x
sin® x—1

.2
Sin X

—COS™ X
—
sin” x

)
=-—cot™ x

cscx—sinx

=———sinx
sinx

1

l/sin“x sin“x

s 02
sin” x

sin x

1 _[sinxJ
sinx 1

.2
1 sin” x

sinx sinx
. 2
l-sin” x
sinx
2
cos” x

sin x

cosx
=| — cosx
sin x

=cotxcosx

2
COsS™ X

2
COS™ X

cos’ x—1
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Next we'll ook at compound fractions. Everyﬂwlg here is bas:cally the same as in the previous
section, just be sure fo follow your rules for dividing fractions & watch for special identities.

tan?x +1

Example 1: Prove: ———— =sec’xtan’x
cscx-1

Without using the With the special
special identities Identities

tan? x +1 tan® x +1

csc’ x—1 csc?x—1
_ sec’x
 cot?x
=sec” xtan® x

sin?x  (1)cos®x
2 + 7 2
_cos’x \1)cos?x

1 _(1jsin2x
sinx (1)/sin?x

sinx  cos? x
St
_cos’x  cos®x
1 sin? x
sin®x  sin’ x

sin? x + cos? x
cos® x
1-sin®x
sin? x

1 sm X
 cos? x cos? x

=sec? xtan® x
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sec X . sin X +tan x
=sinx 2) ————=

cot X + tan x cosX+1

COS X —CSC X sin X +C0s X
3) ———==cotx 4) ————
sin x —sec x SeC X +CSC X

=SiN X COS X

5) tanx—sinx 1-cosx 6) 1+cosx
tan xsin x sin x tan X +sin x

=cot X
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sec’ X  csc? x

COS X COS X
10) +
secx—-1 secx+1

= 2cot’ X

tan x sin x sinx  sin®x
12) +

: . = =2tan’x
1+tanx SIn X+C0S X 1-sinx 1+sinX
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COsXx—CsCcx

PART 1V

cotx+tanx
1

_ Cos X
cosx sinx

sinx cosx
1

COs X

cos X cnsx+ sinx }sinx
sinx /cosx \cosx/sinx
1

cosx
cos’ x sin’ x
+

SINXCOSX SINXCOSX

1

cosx
cos’ x+sin’ x
sin X Cos x
1
__ COSX
1
$in X ¢os X
1 sin x ces¥

eosX 1

sinx+cosx
secx+cscx
sin x + cos x

1 1
+

cosx sinx
sin x +cos x

1 sinx+ 1 )cosx
cosx /sinx \sinx/cosx

sin x +cos x
sin x COS X
+

cosxsinx cosxsinx
_ sinx+cosx
sin x +cos x
cosxsinx
Sinx+eosT  cosxsinx
= X ;
1 Sin ¥+eos¥
=cosxsinx

2)

sin x + tan x

cosx+1
. sinx
sinx+
Ccos X
cosx+1
(sinxJ cosx N sinx

1 COSX COSX

cosx+1
SIN X COS X N sin x

— COS X COsS X

cosx+1
sin xcosx +sinx
cosx
cosx+1
_SiI]xCOS,\"+Si11XX 1

cos x cosx+1
__sin x{cosx=+T) o 1
cosXx cosx=+1
_sinx

Cos X
=tanx

tan x —sin x
tan xsin x
sinx .
—sinx
CcoS X

sinx ) .
sinx
COSX

sinx (sinx)cosx
1 Jcosx
sin? x

COsX

cosx

sinx sinxcosx
COsSX cosx

sin’ x

cos X
sinx —sin xcosx

cos X

sin® x

cosx
sinx—sinxcosxx cosx

COS X sin’® x
sir®(l —cosx) cesT
— X
sin” x

sin x —sec x

1
COSX———
sin x

sinx —
cosx

( cosx ] sinx 1
_\ 1 Jsinx sinx
( sin x j cosx 1
1 Jcosx cosx

cosxsinx 1

__ sinx sin x
cosxsinx 1

cosx cosx
cosxsinx—1
sinx
cosxsinx—1
cosXx
cosysirxr=T .

1+ cosx
tan x +sinx
I+cosx
sinx .
—— " +sinx
CoS X
1+cosx

sin x +[si11x] COS X

1

l1+cosx
sin x + Sin X COS X

Cosx CosXx

cos X cos X
I+cosx
Sin x +Sin x cos x
Cos X
_ 1+cosx>< cos X

1 sin x +sinxcosx

ltcesx 5 COSX
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l+tanx

7) 1+tan? x

1+ cot? x N
sec? X sec’ X €sc® X 1+
csc? x = oS’ X +sin? x _Hcosx
:1 sSinx .
COS X SIn x
+

1+cotx
sinx
_|_

_COSX cCosx
sinx cosx
—
sSinx sSinx
COSX+sinx

_ COS X
sin x +cosx

sin x

11)
- (secx+l) o (secx—l} _tany_ 12)

cos X N cosx
secx—1 secx+l1

1+tanx

secx+]Lsecx—] . o, o,
sin x sin"x__sin”x

secx —1 ksecx+1
COSXSECX+COSX  COSXSECX —COSX

- (secx—1)(secx+1) (secx+1)(secx—1)

___COSX l-sinx I+sinx
sin x sin? x [l+sinx} sin® x (l—sinx}
+ = +

_ COSXSECX +COS X + COS X SEC X —COS X 1
(secx—1)(secx+1)

COSX " 1-sinx\1+sinx/) 1+sinx\1-sinx

sin x B sin® x +sin’ x . sin’ x —sin’ x
_ cosx (1—sinx)(1+sinx)  (1+sinx)(I—sinx)
cosx sinx
+

_ 2cosxsecx
7(secx—l)(secx+1) o, . 7, O
_sin” x+sin” x+sin” x—sin” x
COSXI cosx B (I-sin x)(1 +sinx)
sSin x

_ 2cosxsecx
- ]
(sec” x—1)
.2
2sin” x

—__ COSx " (1-sinx)(1+sinx)
COSXx+sImnx

_ 2cosxsecx
2sin® x
cosx
Smx CosT
ce@’:r cosx+sinx
sin x

~(I-sin’x)

.2
_ 2sin” x
- 2
cos” X

COS X +SInx
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Dlﬂ"brence of Squares. See the review on the side of the page, ﬂzen study the example.

sin’x + sin’xcos’x
Example 1: Prove: sec’x-1= .
sect x—1 cos’x

= (sec” x —1)(sec® x +1) Difference of Squares

= tan’ x(sec’ x +1) /‘ \
_sin?x You can recognize a difference of
 cos? X squares by the following:

sin? x 2 e [tis a binomial, with a
= o’ x| cos?x | cos? x minus in the middle.
(Watch out for binomials
with a plus, this will not be
a difference of squares.)

sin? x +sin? xcos? x The first & last terms are
- cos* x perfect squares.

_sin®x (1+cos® x
cos” x| cos® x

Rearranai!ly an expression fo Example 1: Factor l}sin2 X- 9C052x
make an identity:

2 2
4sin” x—9cos” x
Square root first Square roat second

Example 2: term and put first term and put last
L]

in each bracket. in each bracket.

Prove that (cotx-1)? =csc’x-2cotx \

(COtX_1)2 =(2sinx—3cosx)(2sinx +3cosx)
= (Cot X — 1) (COt X _1) In one bracket put

a plus,and a minus
in the other.

=cot? x—2cot x+1

=cot® x+1—2cotx *Rearranging E le 2: Fact 8 8
e xample 2: Factor x° -
to allow use of special identity y

(Watch for multiple difference of squares)
= CSC* X — 2ot X

X —y
=(x* —y)(x* +y%)
=(xX* =y )X +y)(x* +y%)

Factoring out a negaftive fo make

an identity:
Example 3:

= (X=Y)(X+ Y)(X* +y)(x* +y*)
Prove: 4-sec’x+1=4-tan’x \, /

4—sec® x+1
=4—(sec’ x-1)
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> =3sin Xcos X

3) sec? x—cos’ x—sin’ x = tan’ x

4) (sinx+cosx)”+(sin x—cosx)* =2

5) (1+sinx)?+cos® x=2(1+sin X)

6) sin* x—cos* x =2sin’ x-1

P“RE MA'I'I-I 30 EXPIAINED'

www.puremath30.com 291



Q?VNVMETRY JESSON
. /WW 5 Y fRoofs

cos® X(1+sin® x sin® x—cos’® x
10) csc'x-1= ( ) 11) tan’ x—cot’ x=————
sin x sin® x cos’ x
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2 22
1+tan’ x sec’ x—cos’ x—sin” x

2 2 2 .2
3tanx sec” X —(cos” x+sin” x)

2 2
sec” x _ sec” x—1
3 Sinx tan® x
cos X
1

2
Cos™ X

. -
L sinx  cos x
=k X

gosT 1
=3sinxcosx

(14sinx)’ +cos’ x

. - rl
) L R =1+2sinx+sin” x
(sinx+cosx)” +(sinx—cosx)” .
o, ) ) . . , =1+2sinx+1
=sin”~ x+2sinxcosx+cos” x+sin” x—2sinxcosx+cos” x .
o, ) =2+2sinx
=2sin" x+2cos" x .
o, , =2(1+sinx)
=2(sin” x +cos” x)

=7

sin'x—cos’ x 7) (tanx —1)° 8) (1-sec® x)(1—sin” x)

=(sin’ x —cos” x)(sin’ x +cos’ x) =(tanx—1)(tanx—1) = (—tan” x)(cos’ x)

« 2 7 2
=(sin” x —cos” x) =tan" x—2tanx+1 sm x
. 2 . bl B 2 = Coq x
=sin” x—(1—sin" x) =tan" x+1-2tanx cos’
s 2
=sin® x—1+sin’ x =sec’ x—2tan x =-—sin" x

=2sin’x—1

10) esct x—1
=(csc? x—1)(ese” x +1) 11) SRTCE
=csex(l—ese” x) =cot” x(cse’ x+1) sin’x costx
2 = -
=cscx(—cot” x) Ccos'x( 1 1 cos’x sin’x
1 cos? x sin’ x \ sin® x
. ] 2 2 3 ) ) 2
smx sin” x = CRTes ¥ cos x cos“ x| sin” x sin” x \ cos” x
3 sin*x  sin’x
cos™ Xx N , L, s 2
=—— _cos'x+cos'x[sm'x] 2

CcSCX —CSC” X

) .2 2 2
S x| s1n x COs X| Ccos Xx

cos' x

. 2 .2 2
sin® x COs™ xsin”x  sin” xcos™ x

sinx  sin’x|sin’x . h
- sin' x —cos”' x

2 2 ainl 2 - 2
_ Cos™ x + Cos™ xsm- x cos” xsin” x

ind in?t . .
S Gl _ (sin” x—cos’ x)(sin’ x +cos’ x)

2 2 s 2
< s xsin”~ 2 o
_ COS™ X+CO0S XSsIn™ x cos® xsin? x

-4
- 2 2

. sm xa (sin” x —cos” x)

_cos” x(I+sin” x) 3 T
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Someflmes you will get identities ﬂlaf can't be broken down any further. In ﬂzese cases, you
can multiply numerator & denomjinator by the conjugate. This will convert the fraction into
something that will give you idenfities to work with.

The conjugate is obtained by taking a binomial from the
original expression and changing the sign in the middle.

1+cosx  sinx
sinx  1-cosx

Example 1: Prove

1+ cos x
sin x
1+cos x
sin x
_1+cosx(1-cosx
~ sinx (1—cosxj

has the conjugate: 1 - cos x

_ 1-cos®x

~sin X(1—cos x)

_sinx

~ sinx(1—cos x)
sin x

1-cos X

Prove each of the following identities:

cosx  l+sinx 1 1+sinx 1-cos X sin X 1-sinx
N = 2) N = 2 3) - = 4) = N
1-sinXx COS X 1-sinXx coOS” X sin X 1+cos X COS X 1+sinx
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1+sinx 1+cosx
1+sinx sinx \l+cosx

cosx (l+sinx _
1—sinx

|-sinx\ 1+sinx
_ l1+sinx 1—cos x

cos x(1+sin x) — _
 1-sin’x L‘?“ X sin x(1+ cos x)
1+sinx

_cesx(1+sinx) == _

+ 2
s x

Cos X

cos'}x Sinx(] +COSX)

_ (I+sinx) _ sinx

l+cosx

4) 1-sinx

COS X
_1—sinx[l+sinxJ

cosx \l+sinx

1-sin’ x
cos x(1+sin x)

-
B cos™ x
—<osx(l+sinx)
cosx

1+sinx
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