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PERMUTATIONS AND COMBINATIONS
LESSON 2, PART ONE: BASIC COMBINATIONS
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Basic combinations: In the previous lesson, when using the fundamental
counting principal or permutations, the order of items to be arranged mattered.
If all you want to do is select items, and don't care what order they're in, you
can use combinations.

Exampfe 1: A committee of 4 people is to be formed from a group of 9 peopfle. How many possible
committees can be formed?

This question is a combination since order
is not important.

Theway to do
questions like this is to use the ,C,
feature on your calculator.

The answer is: ¢C4 = 126.

Exampfe 2: A pizza can have 3 toppings out
of a possibfe 7 toppings. How many different

pizza’s can be made?

nis the total number of items.
vis the number of items you want to choose.

For Example 1, you would type into your TI-83:
92 Math > PRB> ,C, > enter > 4

There are 7 toppings in total, and by selecting 3,
we will make different types of pizza.

This question is a combination since having a
different order of toppings will not make a different pizza.

The answer is: 7Cs = 35.

Questions:
1) How many ways can you sefect 17 songs for mix CD out of a possible 38 songs?

2) If an ice cream dessert can have 2 toppings, and 9 are avaifabfe, how many different topping
sefections can you make?

3) If there are 17 randomfy pfaced dots on a cirefe, how many fines can you form using any 2 dots?

4) A committee of 4 people is to be formed from a poof of 13 people.
How many different committees can be formed?

5) If there are 15 dots on a cirefe, how many triangfes can be formed?

Answers:

1) 38Ca17 = 2.878+1010
2) oC2 =36

3) 17C2=136

4) 13C4 =715

5) 15Cs = 455
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PERMUTATIONS AND COMBINATIONS
LESSON 2, PART TWO: SPECIFIC ITEMS
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Combinations including specific items: Sometines you will be forced
to include or exclude particular items when making a combination. This will
reduce the number of items in your selection pool, and also the number of
items you can select.

Exampfe 1: A schoof committee of 5 is to be formed from 12 students. How many committees can be
formed if John must be on the committee?

If John must be on the committee, —
you’ll have 11 students remaining, 11C 4 330
out of which you can choose 4.

Exampfe 2: From a deck of 52 cards, a 5 card hand is deaft. How many distinet five card hands are
there if the queen of spades & the four of diamonds must be in the hand?

If the queen of spades and the

four1of diamonds must be in the hand, 50C ., = 19600
you’ll have 50 cards remaining

out of which you are choosing 3.

Questions:

1) There are 45 songs, and you want to make a mix CD of 18 songs that must incfude 3 particufar
songs. How many different sefections could you make?

2) If a committee of 7 people is to be formed from a poof of 12 people, but Rachel & Megan must
be on the committee, how many sefections can be made?

3) There are 9 possibfe toppings for a sandwich, but you only want 4 toppings, one of which must
be pickfes. How many different sandwiches can be made?

4) A fottery has 47 numbers, and you must pick 7. How many different combinations are possibfe if
your fucky number 8 must be on each ticket?

5) There are 8 parents and 43 students going on a schoof trip. Two groups are
made, a farge one with 30 students and 5 parents, and a smafl group with 13
students and 3 parents.

a) How many different ways can the parents be chosen for the smafl group? Answers:
1) 42C15 = 9.867+1010
b) How many ways can the students be chosen for the farge group if Stefan 2) 10Cs = 252
and Dyfan must be in the smafl group? 3) sC3=56
4) 46Ces = 9366819
¢) How many ways can students be chosen for the smaf{ group if Wade & 5) a)sC:=56
both his parents must be in the smaff group? b) 41Cs = 3.16+10°
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PERMUTATIONS AND COMBINATIONS
LESSON 2, PART THREE: SELECTION POOLS
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Combinations From Multiple &election Dools: When presented with
multiple groups of items from which you are required to make a sclection, you
will MULTIDLY the separate cases together.

Exampfe 1: A committee of 3 boys and 5 girfs is to be formed from a group of 10 boys and 11 girfs.
How many committees are possibfe?

Out of the 10 boys, we must choose 3: 10Cs C X C =55440
Out of the 11 girls, we must choose 5: 11Cs 10 — 3 115

Exampfe 2: From a deck of 52 cards, a 7 card hand is deaft. How many distinet hands are there if
the hand must contain 2 spades and 3 diamonds?

There are 13 spades, we must include 2: 13C> 13C2 x 13C3 x 26C2 =7250100
There are 13 diamonds, we must include 3: 13Cs3

Since we can’t have more than 2 spades and 3 diamonds, the remaining two cards
must be pulled out from the 26 remaining clubs & hearts. 26C>

Questions:
1) There are 5 meats and 9 veggies avaifabfe to make a sandwich. How many sandwiches have 2 meats and 6 veggies?

2) How many committees can be formed from 11 men & 9 women if 3 men and 3 women must be on the
committee?

3) How many 7 card hands are possible if afl the kings must be in the hand?
4) How many 13 card Bridge hands are possible if there are 3 queens, 2 tens, and 2 aces?

5) If there are 19 rock songs and 20 pop songs, how many different
ways can you sefect 12 rock and 8 pop songs for a mix ed?

6) If a crate of radio controffed cars contains 10 working cars and
4 defective cars, how many ways can you take out 5 cars and have Answers:
only three work?
1) sC2* 9Cs = 840
2) 11C3* 9oC3 = 13860

7) If a student must sefect two cotrses from Group A, two courses from 3) 4Ca® 48Cs = 17296
Group B, and one course from group C, how many combinations are there? 4) 4C3+4C2+ 4C2* 40Cs =552726720

Use 40Cs since we can’t have any queens,
tens, or aces in the remaining six cards.

5) 10C12® 20Cs = 6347376360

Group A |Group B |Group C

Math 30 English 30 | Math 31 6) 10C3® 4C2 =720
Chemistry 30 | Social 30 Science 30
Physics 30 French 30 7) 4C2¢2C2*3C1=18
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PERMUTATIONS AND COMBINATIONS
LESSON 2, PART FOUR: AT LEAST/AT MOST
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At Lieast / At Most: These questions will require you to ADD all the
possible cases together. Know the shortcuts tool

Exampfe 1: A committee of 5 people is to be formed from a group of 4 men & 7 women.
How many possibfe committees can be formed if at feast 3 women are on the committee?

If at least three women are on the committee, that means we can have a committee with 3
women, 4 women, or 5 women. Find the combinations for each case separately, then add them
all together.

3 Women: 4 Women: 5 Women:
Seven women to choose Seven women to choose Seven women to choose
from, and we require 3: from and we require 4 from and we require 5
7Cs 7Cs 7Cs

. + . + =

Four men to choose from Four men to choose from Four men to choose from ?C3 4C2 ?(:4 4C1 ;Cs 371
and we require 2: and we require 1 and we require 0
4Cs 4C1 4Co=1
Total Combinations: Total Combinations: Total Combinations:
7Ca * 4Cs 7Ca ¢ 4C4 7Cs

Exampfe 2: From a deck of 52 cards, a 5 card hand is deaft. How many distinet hands
can be formed if there are at feast 2 queens?

We could approach this question the same way as the last one, but let’s use a shortcut instead.

[ At Least/At Most = Total Cases — Unwanted Cases j

The shortcut works since we have the same number of cards in each hand, and the unrestricted
combinations for a 5 card hand must include every possible combination you can get! Simply
subtract those you don’t want, and you’ll be left with the ones you do want.

The total possible cases would be a 5 card hand with no restrictions: 52Cs

The unwanted cases are:
no queens (Out of 48 non-queen cards, we get 5) 4Cs
only 1 queen (Out of 4 queens we get 1, and out of 48 non-queens we get 4) 4C1243C4

52 CS - (48 CS +4 C] ®s8 C4) = 108336

Exampfe 3: From a deck of 52 cards, a 7 card hand is deaflt. How many distinet hands
can be formed if there are at most 6 bfack cards?

The total possible cases would be a 7 card hand with no restrictions: 52C7

The unwanted case is:
7 black cards (There are 26 black cards, and we get 7) 26C~ 50 C7 “ng C7 = 133126760

Notice how the shortcut takes way less time than adding up all the cases you do want.
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PERMUTATIONS AND COMBINATIONS
LESSON 2, PART FOUR: AT LEAST/AT MOST

Questions:

1) A student eouncif of 5 members is to be formed from a sefection
poof of 8 boys and 9 girfs. How many committees wilf have:

a) All girfs?

b) At feast 4 girfs?

) At feast 3 girls?

d) At most 2 boys?

¢) At feast 1 boy?

2) A student council of 5 members is to be formed from a
sefection poof of 6 boys and 8 girfs. How many councifs can have:
a) Jason on the councif?

b) Katie, but not Afex?

¢) Zach, but not Carofine, Affison, or James?

d) At feast 3 boys, but one of those boys can’t be Brian?

3) From a deck of 52 cards, how many 5 card hands have:
a) Fxactly 2 red cards?

b) At feast one red card?
e) At feast two bfack cards?

d) At most three 97s?

e No 5’s
f) At fLeast 1 king?
g) At most 2 face cards

4) A research team of 6 peopfe is to be formed from 10 chemists, 5 pofiticians, 8 economists, and 15 bisfogists. How many teams

FlaVQ:
a) At feast 5 chemists?

b) Exactly three economists?

¢) Four chemists, but no economists?
d) At feast 2 biofogists?

¢) 4 economists and. 2 biofogists?

There are
52 cardsin a standard deck
with jokers removed.

There are 4 suits:
Spades, Clubs, Hearts, Diamonds

There are 26 black caw[s, and 26 ved cards.

Each suit has 13 cards,
eac of a different vank.

Face cards are ]acks, Queens, and Kings,
There are 12 face cards
ina deck.
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PERMUTATIONS AND COMBINATIONS
LESSON 2, PART FOUR: AT LEAST/AT MOST
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Answers:

l) a) To select all girls for the committee, you can totally ignore the set of boys, leaving you with a combination of ¢Cs = 126
b) Atleast four girls means we can have 4 girls and 1 boy, or, 5 girls. ¢Cs®gC1 + ¢Cs = 1134

c) Atleast three girls means we can have 3 girls and 2 boys, or 4 girls and 1 boy, or, 5 girls.

This gives a combination of ¢Cz®sCz + ¢C4=sC1 + 9Cs = 3486

d) At most two boys will lead to exactly the same cases as above, so we get the same answer of 9Cz*sC> + 9Cs2sC1 + oCs = 3486
e) Since it would be time consuming to add up all the separate cases, use the formula

Total unrestricted cases — Cases with all girls: 17Cs — ¢Cs = 6062

2) a) If Jason is on the council, this reduces the selection pool to only 13 people, out of which we still need to select 4. 13C4 = 715

b) If Katie is on the council, this reduces the selection pool to 13, and we still need to select 4. If Alex must not be on the
council, this further reduces the selection pool to 12. 12C4 = 495

c) If Zach is on the council, this reduces the selection pool to 13, and we still need to select 4. If Caroline, Allison, and
James must not be on the council, this further reduces the selection pool to only 10 people. 10Cs = 210

d) Since Brian can’t be on the council, this reduces the pool of boys to 5 instead of 6. Once we do this, we can have 3
boys/2 girls, or 4 boys/1 girl, or 5 boys. sCz®sC2 + sCs®sC1+ sCs = 321

3) a) 2 red cards must be drawn from the 26 red cards, leaving 3 black cards to be drawn from the 26 black cards.
26C2226C3 = 845000

b) Since it would be time consuming to add up all the separate cases we want, use the shortcut:

Total unrestricted cases — Cases with only black cards:

= 52C5- 26Cs = 2533180

c) Once again, use the formula:

Total unrestricted cases — (Cases with no black cards (all red) + Cases with one back card)

= 52C5— (26Cs +26C1226Ca) = 2144480

d) Use the formula Total unrestricted cases — Cases with all four 9’s:

= 52C5— 4Cs=45C1 = 2598912

e) If there are no 5’s, simply remove the four 5’s from the selection pool, leaving 48 cards to select from. 4sCs = 1712304
f) To get at least one king, use the formula:

Total unrestricted cases — Cases with no kings:

= 52C5—48Cs = 886656

g) At most 2 face cards means we can have no face card or 1 face card/4 other cards, or 2 face cards/3 other cards.
Add these cases together. (Note that in this case the shortcut would require just as many calculations for the unwanted
cases, so you might as well just add everything up!)

40Cs+ 12C1240C4 + 12C2240C3 = 2406768

4) a) 10Cs x 28C1 + 10Cs = 7266

b) sCs x 30C3 = 227360

C) 10C4 x 20C2 = 39900

d) 38Cs — (23Cs + 23Cs x 15C1) = 2154999 Unrestricted cases — (No Biologists + Case with 1 Biologist)
e) sCa x 15C2 = 7350
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PERMUTATIONS AND COMBINATIONS
LESSON 2, PART FIVE: COMPOUND SETS
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Dermutations & Combinations Together: In the following
questions, you will see how both arranging & selecting can be used
together in solving problems.

Exampfe 1: How many arrangements of the word TRIGGNAL can be made if onfy two vowels and
three consonants are used?

First we need to choose two vowels 3C2 and then three consonants sCz. Now that we
have the five letters required to make the word, arrange them in 5! ways.

Answer: 3C,e5C3*5! = 3600

Exampfe 2: There are 7 men and 10 women on a committee sefection poof. A committee consisting of
President, Vice-President, and Treasurer is to be formed. How many ways can exactly two men be on
the committee?

There are 7C2 ways of selecting two men, and 10C1 ways

of selecting a woman. Since each position in the

committee is different, arrange the three people in 3! ways.

Answer: 7Cy®10C123! =1260

Questions:

1) How many ways can you arrange the fetters of the word GRANGES if:

a) two vowels and two consonants are used to make a four fetter word?

b) two vowels and three consonants are used to make a five fetter word?

¢) three fetters from. ORANG and one fetter from ES are used to make a four fetter word?

d) Given the sentence KITY LUVZ GRANGES, how many arrangements can you make if a seven fetter word
is formed using two fetters from KITY, two fetters from LUVZ, and three fetters from ORANGES?

2) If there are 14 boys & 12 girfs in a sefection poof, and a schoof

councif of President, VP, Treasurer, and Secretary is to be formed,

how many ways can: .
a) exactly one boy be on the eouncif? AM
b) exactly two girfs be on the councif?

¢) no boys be on the councif? 1) ) sC2=4Co = 41 =432

b) sC2*4Cs= 5! = 1440
C)sCz=2C1= 4! =480

8) There are 5 pop CD’s and 10 rock CD’s that can be pfaced in a d) 4Cz = 4C2=7Cs = 7! = 6350400
mufti-dise changer. How many ways can three pop & two rock afbums
be ordered, provided afl three pop afbums must pfay first? 2) @) 14C1 = 12Cs = 41 = 73920

b) 12C; = 14C2 = 4! = 144144
C) 12C4 * 14Co = 4! = 11800

4) If a sports team with six unique positions is to be formed. from (Or simply use 12P4)

5 men and 7 women, in how many ways can two positions be
filled by men and four positions by women? 3) sP3 =10P2 = 5400
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PERMUTATIONS AND COMBINATIONS
LESSON 2, PART SIX: OTHER TYPES
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Other Types: In these unique question types, memorize the [ollowing
formulas and use them to get the answer.

—
Handsbakes / Teams: nC2  n = number of people or teams

Diagona{s: nC2 — N n=number of sides

. . . k= ber of ti Il th ibl
Multiple Combinations: nCr x K £ pimeer ofimes s she possile
Making Sbapes: an n = points in a circle, k = number of vertices

Cboosing One Or More: 2" — 1 1 = number of items in total
-

Exampfe 1: 12 people at a party shake hands once with everyone efse in the room. How
many handshakes took pface?

There are 12 people, so this is our n value.
Using the formula for handshakes, we get 1.C> = 66

Exampfe 2: A pofygon has 7 sides. How many diagonals can be formed?
There are 7 sides, so this is our n value.
Using the diagonal formula, we get 7C2 -7 = 14

Exampfe 3: If each of the 8 teams in a feague must pfay each other three times, how
many games will be played?

This is similar to a handshake question, since each member of the league must meet every other member of
the league. If they only played each other once, there would be sC. games. Since each pairing of teams
will occur three times, the answer will be triple.

Answer: sC2x 3 = 84

Exampfe 4: If there are 15 dots on a cirefe, how many triangfes can be formed?

There are 15 dots in total, and to make a triangle we need to select any three of those dots.
Answer: 15C3 = 455

Exampfe 5: In how many ways can you choose one or more of 12 different candies?

The way this question is worded, you could take one candy, two candies, three candies, and so on.

The solution is found by adding all possible selections using 12C1 + 12C2 + 12C3 + ... 12C12. However, this would
take a long time. Fortunately there is a shortcut for one or more questions!

Each candy can be dealt with in two ways. It can be chosen or not chosen. This will give 2 possibilities for
the first candy, 2 for the second, and so on. By multiplying the cases together we’ll get 212 Since the case of
no candy being selected is hot an option, we’ll have to subtract 1 from our answer.

There are 212 — 1 = 4095 ways of selecting one or more candies.

dopobabobosbopadbobobobobabobobobnpobpobopobobodbobobobobobabapabnpobobpoobopndbnbapigpadod
Y P Y Y T T Y PN Y I P YT Y PPN IS T T PN PN P Y T PN R Y PP Y RN P Y PPN FY P PN FY Y PSR Y EY R YR Y FYTYR YR YTYY

..l.".I"FOl SEPEREBAESEIEEESAGFER RSB ESERE S0P ESOE 2R ERRES ESRE -i:br.-.‘

PURE MATH 20: EXPLAINED!

www.puremath30.com 342



PERMUTATIONS AND COMBINATIONS
LESSON 2, PART SIX: OTHER TYPES
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Questions:

1) If there are 10 people at a party and each person shakes hands once with every other person, how
many handshakes took pface?

2) If there are 9 sports teams on a feague, and each team pfays each other once, how many games
were pfayed?

3) A pofygon has 8 sides, how many diagonafs can be formed?

4) A pofygon has 11 sides. How many diagonafs can be formed?

5) If each of the 13 teams in a feague plays each other twice, how many games
are to be played?

6) If there are 17 randomfy pfaced dots on a cirefe, how many fines can you form using any 2 dots?

7) If there are 9 toys in a toybox and a child wants to take out one or more toys, how many ways
can this be done?

Answers:

1) 10C2 =45

2) oC2= 36
3)sC2-8=20
4) 11C2-11=44
5) 13C2 x 2 = 156
6) 17C2=136
7)2°-1=511
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