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PERN[UAHONS & COMBHNAHONS

LESSON 3: pA‘TH\NA S
bl Ll S8 LE AL T 2R Sl Ll I Sl SR L0 Sl DL L AL LAl L LR Ll Al Lo ZO Sl 2l Ll Ll 2l

Dascal' Tfianglc: The following triangle is used in solving pathwayE
problems, so you will need to learn the pattern. .

il 7 231l 38 3 23l o 1l

e Start the triangle at the top with the number 1.
¢ Slide the 1 down diagonally to form the beginning & ends of each row.
e Tofillin the rows, add together the numbers immediately above. (Diagram)

!

{ﬂ ¢ Notice the symmetry in the triangle.
ﬂ] o\ 'ﬂ] Positions equidistant from either end
ﬂ] @ ﬂ] will have the same value!
4 LD\
T »Ea »E A |
{U @ @ @ m e The sum of each row is equal to 2,
where n is the row number.

s o 156 et o s g o
ﬂl @ ﬂ]@ @(D ﬂ‘@ @ {H number of ways to select any number of
ﬂ] W @{H @-@ @-@ @ﬂ] Lm ﬂ] objects from a set containing n items.

Note that Pascal’s Triangle is made up entirely of combinations!

The first row is: 0Co
The second row is 1Co 1C1
The third row is: 2Co 2C1 2C2

This pattern continues forever.
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PERNIUTAT!ONS & CON[BiNATiONS

Step 1: First slide 1’s across the
outer edge to form the edge of

Exampfe 1: How many paths exist from point A to B?

Steps 2 through 6:

A

Fill in the Pascal Triangle

Pattern.

il 1

J

9@'

I P Y Y R Y I Y Y Y P Y Y R P Y P R R Y P P P P R Y Y P Y Y YR YT 0

Pascal’s Triangle.
1[—> 1—> 1 —>1
A\
q
v
i
V
{
Step 4: Fillin more spaces
i { { \ii
i 7 a—> 4
i j}: —>03
1—>a

Example 1 Shortcut:

Note that you can go East 3
times, and Down 3 times. Writing
out the letters gives you EEEDDD.
How many ways can you arrange
these letters? You candoitin:

6!

3le 3!

This shortcut will only work when
there are no gaps or extra
spaces in the pathway.

= 20 ways.

Step 5: Fillin more spaces

i i i
a 2 3
J
8 8—>10
4—>10

l-ESSON 3: pATH\NAYS
LT TR IS T L LIRS TR S ST S T LTS LT SR ST ST T TR LT TL XL LT L T 2L 2L

Simple Dathways: You can usc the principles of Pascal's Triangle to find out how many
possible pathways exist from one point in a grid to another point in the grid.

B
Step 3: Fillin more spaces
i | \‘i i
il a—>9g
I—>9
q

Step 6: The final number in the
pattern is your answer.

{1 il i il
il 2} ] a3
il 3l @ 10

J
il a o—>a0

There are 20 possible paths.

Exampfe 2: In the foffowing cube, how many paths

exist from point A to B?

B

In the 3-D cube, we can write out
all the possible directions we can

go. We can move East 4 times,

Down 5 times, and Forward 3 times.

Writing out the letters gives you

EEEEDDDDDFFF.

You can doitin:
1

4le5le 3! B

= 27720 ways.
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PERNIUTAT!ONS & CO]\’[BNNATHO]\VS

l-ESSON 3: pATH\IVAYﬁ
LT TR IS T L LIRS TR S ST S T LTS LT SR ST ST T TR LT TL XL LT L T 2L 2L

!

Complex Dathways: More difficult pathway problems involve gaps & spaces in the grid,
80 you have to be careful when applying Pascal's triangle.

A

Exampfe 3: Find the number of paths from point A to B:

Step 1: First slide 1’s across the outer edge Step 2: Now fill in as many
to form the edge of Pascal’s Triangle. points as you can.
5> 5 o - i1
i a 0 il il
L a4 a s
i
a {1 g & | W
1]
i 7 & @ 2035
Step 3: Slide 35’s across the second rectangle. Step 4: Fill in the second rectangle.
{ I q i 1 i a4 4a il il
{ 2/ 4 & 1) @& @ & 5]
a a & Fo0) ) d4) & @ i@ o8
S5 o . :
7 4 a0 a3 a8 ] 1 4 . a0 @8 a8 a8
N
as 28 7o j10/5]
N2
99 28 08 2110

You could also do this question by considering these to be two separate rectangles and

multiplying the answers together. From the first one, we have EEEESSS = — =35

4le3]

From the second, we have EESS = = 6. Multiplying these results, we get 35 = 6 = 210

I P Y Y R Y I Y Y Y P Y Y R P Y P R R Y P P P P R Y Y P Y Y YR YT 0
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PERNIUTAT!ONS & CON[BiNATiONS

i-ESSON 3: pATH\NAYS
P TE I ST TL ST LT ST SRS SR TS ST T IL AL T LR S ST TT XL ST XL T LD 2L

- A -
. o
: .
EFX;&HLMFinth\enumberofpatﬁsfrompoiMAtoB: ;
. o
. .
s : :
: :
; i i il f,t_iﬁgstestlf?oﬁ ;ceroeszgge i 0 l Step 2: Now fill in as many ;
. of Pascal’s Triangle. a 12X &Jj| points as you can. -
* l *
+ il 1 8 6 :
: i 1 al 1@ 3
* a 1 8| 13 +
L] -
¢ i 1 8 a1 *
. .
* *
. -
* *
. .
H U af 1 aq af a .
: Step 3: Slide 6’s across the Ste_g 4: Now fill in as many :'
E ﬂl @ @ top wall. ﬂ] E% @ points as you can. E
: 90 a| 6|—6268P06 a sl & 8] ol & .
E o 4 @ a3 ™| 3| aa a E
s B9 B I 8] W3] o1 59 oa :
E 17 0 o 1 8 21 83 sl wus E
H ,
. [
+ ¥
$ :
E ﬂ] ﬂ] ﬂ] Step 5: Slide 52’s down ﬂ] ﬂ] ﬂ] Step 6 _FiII in tr_le E
P g A a) e s e e :
+* *
H 9 & 1 13 a3 & 94| ™| 0| = @ 5
+ I 8] 18] oI 69 aa i 8] 8] | 59 o ¢
: 1 © =& 64| s ®o 1 G &1 583 18 00 2
; 52 83 57| 839 E
* *
. 52) 872 200 663 H
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Permutations & ComBINATIONS
LESSON 3: PATH\NAYS

.."!‘l:.ifl S Hr bbb babobndndndbesbrbodprdsbeobobedobed m‘:fnfn’.
: , i
* L
& . . @
+ Exampfe 5: Find the number of paths from point A to B: -
s s
- ] .
: ; b
¢ *
; H q ] Step 1 ] i il Step 2: ;
. First slide 1’s Now fill in -
+ across the as many *
. outer edge. 2] 3] 3 8 points as =
. you can. -
* L]
s g 6 s
. -
H H
H 3 10 :
) -
* *
. =
+ *
[ ] L ]
* L]
. il T ) stens: il Q9 stepa: .
; Since there Fillin as :
isagapin many
; EB @ @ the grid, @ @ @ points as :,
. slide the 6 you can. il
:‘ over to the ':
: @ % next space. @ @ {ﬂ‘@ {H@ :
+ L
[ ] L
+» L ]
H .
H 110) 1O 93| 23| & M
* *
. @
+* L
[ &
* b
[ -
* *
. @
+ *»
[ ] L ]
-» “»
: i ] ] i i i :
- Slide the Step 6: Fillin the ®
: @} @ @ numbers 8} @a @ remaining points. :'
& along the »
: edge to ;
continue There are 165
; @ @ ﬂr@ {H@ the pattern. @ @ ﬂ}® ﬂ]@ paths. :-
. =
: 2
* 9 9 *
. . t -
+ O 3| 28] &0 &7 &1 1O 13| 26| &0 &1 & .
* *
H \l/ M
-» -
[ ] L]
: B 43 09 :
L ] L
: 1(6) 25 65 H
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PERNIUTAT!ONS & CONIBHNATHONS

LESSON 3: PATH\NAYS
bl Ll S8 LE AL TR 2R Sl Ll I al el Sl Do Sl Ll Ll Sl Sl Al Ll LR Ll Al Lo ZO Sl Al Ll Ll gl

!

- A L
. @
+ Exampfe 6: Find the number of paths from point A to B: .
. -
& Stepl: Step 3: -
L4 First complete the points Step 2: B Fillin the remaining points. =
: required to get to the dot. Slide 4’s right & down. There are 16 paths. :
* T *
o I 1 ar 1 ar 1 %
N -
o | A a1 2 1 2 .
* *
N o
R a 9 i 9 .
* »
O B G :
e { f 4 4| & ] d 4 4| =
i -
: . :
4 ) 4 8 B B e
+ *
[ ] -
* &
. -
;FX;NRMFMtF\enwnberofpaﬂ\sfrompointAmB: B -
. !
* A *
[ ] L]
* *
[ ] =
* -
. =1
+ Z L
[ ] L
» *
L el
: i Step 1: :
+* 1 First place the 1’s to start off Pascal’s Triangle. *
. @
* \—7 “
[ ] ]
+* -
o
+ *
. @
+ *
[ ] -
» L ]
. ul
+ 4 *
. Step 3: -
':' il There are two possible There are three paths :'
& paths, as indicated by the in total to getto the &
. arrows. middle point. -
* *
* :
. 9 9 =1
+* »
. i
H 3 s
L4 -
+ *
. 9 g -
* -»
L) Step 5: Step 6: .
: Slide the 3’s to find the There are a total of six :
* remaining paths. paths to B. &
] L]
+* *
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PERNIUTATHONS & CONIBHNATHONS

LESSON 3 PATH\NAYS
oA AL I SO LR Sl LL S Sl Sl Do Sl Sl St Ao S o Sl Ll L0 LR L TL T b L1 L2 28 Ll g m‘nfnfn’.

How many paths fead to X?

Step 1:
Use the pegs to create

Pascal’s triangle.

®
© ©

O & O

O & & ©
X

Step 2:
Fill in the bottom row as if

there were pegs there too.

T

There are 4 ways the
ball can reach X.

enpabupobabopopobabopobabobobobnpabnbopabobodbobapobababobrdbabnpibabahibobidrbaGuadbesad

Exampfe 8: A pinball game has a series of pegs which ¢
create muftipfe paths for a ball to reach the bottom.

O
o O

C O O
o O O O

Interesting Variation:

In Example 8, the pegs are used to
form Pascal’s triangle since the X
can be reached diagonally from the
two pegs immediately above it.

If the X can’t be reached diagonally
from two pegs immediately above it,
the spaces between the pegs must
be used to find the number of
pathways.

Example:

Y P Y Y T T Y PN Y I P YT Y PPN IS T T PN PN P Y T PN R Y PP Y RN P Y PPN FY P PN FY Y PSR Y EY R YR Y FYTYR YR YTYY
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PERNIUTAT!ONS & CONIBHNATHONS

LESSON 3: PATH\NAYS
bl Ll S8 LE AL TR 2R Sl Ll I al el Sl Do Sl Ll Ll Sl Sl Al Ll LR Ll Al Lo ZO Sl Al Ll Ll gl

Questions: Find the number of paths from A to B in cach of the following
2) A A
¢

!

>
-
9

N’
>

5) A 6) A

C‘,
>

&
P

®
B .B
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PERNIUTAT!ONS & CONIBHNATHONS

LESSON 3: PATH\NAYS
oAl Ll L S LR Sl DL A el Sl D Ll Sl St Lo S i Sl DL L AR AL DL L Sl DL L0 20 Sl Ll Ll dl .

YV
=
Ne==
nEgiE:\
mA B

For each of the following, find the number of paths through the dot.

11) A 12) A 13) A
° ° °

° ! ° °
B B B

For each of the following, find the number of paths leading to X.

14) 15) 16)

O O O
O 0O O 0O O O
O 00 O O OO

0000 000 00
000 00 00

LI R P R T R I R T R P R T R R T R LR I R I RN TS R T R IR R R RN E A RO RS ROR RN E Y R N A AR
Y P Y Y T Y Y TIPS PP EY T TP PN P YT Y PR Y PP Y RN Y PPN FY Y TP FY Y PR Y RN R YT Y RYTYRYRYRNY
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PERNIUTAT!ONS & CONIBHNATHONS

LESSON 3: PATH\NAYS
F.!‘!.if!‘l.t‘i'l’l.t’l’-’l.l‘lfﬁ’l‘ﬂ.t‘ﬁ‘l‘t'l'l‘l.t’I.'.I.l‘tfh‘!"
For each of the following, find the number of paths from left to right.

< &

!

19)

Answers:
1. 2. 3. 4.
A. A A A
LTI | I A 1T o1 1O 1. 1 1
Ul e ] B [BE] [ 1| 2| 3] 4| 4] 4 1 2[ 3] 4| 4] a 1l 2| 3
L[S L [ L (el 1T 3 6 10 14] 18 17 3 6| 10 14] 18 1 3 6| 6 6] 6
1[4 o] 20| 35] s 14331 Ay T BT B 6 T3 T8 33
1 5 15 35 70 126 B —@
14 46 B 4 14 34 68 120 6 18 36 60
5. 6 7. 8.
o ) T I O 197 INEE R T - 1
1|2)| il liis 11 2 3 4| 5] 6 | ] [ 11 2| 3 4 5|6
1| 3] HER 1 5 17 3[ 6] 6] 7[ 8 13
1| 4] 4] 9]20 1 61111171 1| 4 10] 16] 23] 31 11 4 9
(IS ST S8 1 7 18 35 1 11 27 50 31.B 1 5 14 23 B

I P Y Y R Y I Y Y Y P Y Y R P Y P R R Y P P P P R Y Y P Y Y YR YT 0
Y P Y Y P Y FY P Y P T P P YT Y PN PR N Y FY FY Y Y FY PY Y P Y F Y PN P Y FY PN PN FY PN Y Y Y PN Y F Y FYFYFYTY RS EYFYT
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Permutations & ComBINATIONS
LESSON 3: PATH\NAYS

P TE I ST TL ST LT ST SRS SR TS ST T IL AL T LR S ST TT XL ST XL T LD 2L
9. FFFFFEEEEDDDD = — ' =90090
Sle4le4l
10. FFFEEEEDDDD = — ' —11550
3le4led]
11. A 12. A 13. A
1.1 1 1 1'1 1 1 1®
1 21 3] 4 1 2 el 1
11 3 610‘1010 1 3 6| 10 1
10] 20| 30 1 41 10[ 20 1‘11111
103050. 1 5]53#3535 123456.
10 40 100 B 35 70"‘?58 1 3 610 15 21
14. )
o
o O
OIKO,
o @ @ o OROXO)
@ @ ® @Q@

[EEY
.

20.

18. 19.
< <%4 @7

I E I Y P E T R Y Y P E T Y T R PR F T R R R I R R Y R R PP P IR R R R R F R R R YN E SR YR NS TR N Y O
Y P Y PN P T FY E Y PN P Y TN PN PN E N I PR RN T Y I P R Y P PR R Y P Y Py RN RN P P R Y FY P R Y RN R TP YN YT YR YRR NT
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