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Absolute Convergence
Absolutely Convergent

Describes a series that converges when all terms are replaced by their absolute values. To see if a series
converges absolutely, replace any subtraction in the series with addition. If the new series converges, then the
original series converges absolutely.

Note: Any series that converges absolutely is itself convergent.

fave) fatal
Definition: > a, |t
A series n=1 is absolutely convergent if the series n=1 converges.
oo % TR -
(—1) 1 1 1
Example: E on =1_§+1_;+"'
Determine if n=0 - is absolutely convergent.
[ ] i 5 T - -
(—1) _ 1 1 1
Solution: E‘ | =ittt o+
. . . 2 2 4 =
To find out, consider the series n=0
1 1
r=— _ 1
This is an infinite geometric series with ratio 2 , SO it converges to 2or2. As

e l:_l:ll'n

2?'}
a result, we know that r=n converges absolutely.

Absolute Maximum, Absolute Max
Global Maximum, Global Max

The highest point over the entire domain of a function or relation.

Note: The first derivative test and the second derivative test are common methods used to find maximum
values of a function.

Midmm Values i
of & Funetion .
ahxoluke macimum

&
-
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Absolute Minimum, Absolute Min
Global Minimum, Golbal Min

The lowest point over the entire domain of a function or relation.

Note: The first derivative test and the second derivative test are common methods used to find minimum
values of a function.

Minimum Values Yi
of 2 Function
. —— s -
lajive min relative min
absolube minimum '

Acceleration

The rate of change of velocity over time. For motion along the number line, acceleration is a scalar. For motion
on a plane or through space, acceleration is a vector.

Absolutely Convergent
See Absolute Convergence

Alternating Series

A series which alternates between positive and negative terms. For example, the series
1 1 1 1 1

l- ==+--—4+=-—=+4+---
2 R | 5 6 is alternating.
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Alternating Series Remainder

A quantity that measures how accurately the nth partial sum of an alternating series estimates the sum of the
series.

Consider the following alternating series (where an > 0 for all n) and/or its equivalents.

S 1™ = o s as st

=1

If the series converges to S by the alternating series test, then the remainder
L)
R,=8-)Y (-1)**'q
k=1

can be estimated as follows for all n = N:

R

= [
Here, N is the point at which the values of an become non-increasing:

-

ap = aptq for all n = N where N = 1

Alternating Series Test

A convergence test for alternating series.

Consider the following alternating series (where &, > 0 for all n) and/or its equivalents:
N, ntl
Z (—1)" ' an =a1 —as+as —as+ - -
nr=1
The series converges if the following conditions are met:

1. ap = agqq for all n = N where NV = 1, and

2. lima,=0

n— oG
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Analytic Methods

The use of algebraic and/or numeric methods as the main technique for solving a math problem. The
instructions "solve using analytic methods" and "solve analytically" usually mean that no calculator is allowed.

Annulus
See Washer

Antiderivative of a Function

A function that has a given function as its derivative. For example, F(X) = x° — 8 is an antiderivative of /‘(X) =

3x.

Approximation by Differentials

A method for approximating the value of a function near a known value. The method uses the tangent line at
the known value of the function to approximate the function's graph. In this method Ax and Ay represent the
changes in x and y for the function, and dx and dy represent the changes in x and y for the tangent line.

dy - F () , y=fo
Ax =dx = Ay = ' x]lAx

Ay = dy & &y
This iz also written

Flesdr) = f(x)+hy=F(x)+ FlxJar "

E le: A
xampie Approximate ¥ 10 by differentials.

Solution: A0 o ) YN =
V10 near V¥  sowe willuse J () =V withx =9 and Ax = 1.
1

filz)=——=
Note that 2/
V10 = f(z+ Az)
= ft';t‘i—i—f’f;riﬂ;rr

=-3—|— .j..r

\f

..
2.9 "

il .3——5116

Thus we see that

This is very close to the correct value of ¥ 2 3.1623.
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Arc Length of a Curve
The length of a curve or line.

The length of an arc can be found by one of the formulas below for any differentiable curve defined by
rectangular, polar, or parametric equations.

For the length of a circular arc, see arc of a circle.

b
Are length = f ds

Formula:

where a and b represent x, y, £, or ©—values as appropriate, and ds can be found as
follows.

1. In rectangular form, use whichever of the following is easier:

/ ¢ 2 /
nfg:\/1+|@) dr ds = VH(‘“’)
\ dx

Example) Find the length of an arc of the curve ¥y = (1/6) X¥* + (1/2) x'
from x=110 x= 2.

L d'l'.,' 2
Are length=/ V1+ (—) dr
dx
f\/ ( l:r:—;ﬁl dr
2 )
1 1

1
2 2 i
B fl (EI T3 ) o y = (1/6) % + (1/2) "

Faa o

1 1
3 —1
=[x — 2
(Er 2 ) | /

[l
o,
I':'Elll'_fl
|
e | =
L
|
o
=1
|
b | =
R
'
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2. In parametric form, use

f 2 2
dr i
ZY (2 a
dt dt
Example) Find the length of the arc in one period of the cycloid x =t—-sint,y =1 - cos t.
The values of t run from O to 21t.

v/ 2 ey, 2
‘o o dr ay
Are length _£ ;/(E, + (d{_) dt
.l
=f \/[’1 —cost)? + (sint)” dt
]
27

:f vV 1—2cost+cos2t+sin?t dt
i}

s

2q
= W2 — 2eosl di

0

2n
= f 2 |sin 2t| dt
0

B I,"'-'-I
=8 f 2s8in 2t dt
0

— 8 (— cos2¢)[T/
_3

3. In polar form, use

/ dr\*
ds = \/1‘2 + (@) d6

Example) Find the length of the first rotation of the logarithmic spiral /7 = e®. The values of
© run from O to 2.

b dr\ 2
Are length =f \/?‘2 + (—) de
A d#
2
=/ V() + (e212 dp
0
2r

— f ENCY
0 |

v 12T 130 160 263 360 4=DU 56
= (EE \,-"IE } /
A0 10 /

=vZ(e* —1) ~_
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The area between curves is given by the formulas below.

b
Formula 1: Area = f |f(x)—g(x)|de

for a region bounded above and below by y = f(x) and y = g(x), and on the left and right
by x =aand x = b.

d
Formula 2: Area = f |f(w) — g (u)|dy
L
for a region bounded left and right by x = f(y) and x = g(y), and above and below by y = ¢
andy = d.
Example 1: Find the area between ¥ = xand ¥y = X from x =1 to x = 2.
1
Area = f |;t: —I2| dr
0
1
= f {;tr — ;I.‘E} dr
1L 0
y=x 1 1\
_ (22 21,8
= 2 2 3 0
1 — -1
i 6
Example 2: Find the area between x =y +3 and x = )/ from y =—1to y = 1.

1
.%rea:f |y+3— .t.f2| dy
—1

1
=f (v+3-9%) dy
-1

1
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Area of an Ellipse

The formula is given below.

Avea = b

(-1 -R

p e

Area of a Parabolic Segment

The formula is given below.

"

drea = — [width)[ height)
3

10
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Area under a Curve

The area between the graph of y = f(x) and the x—axis is given by the definite integral below. This formula gives
a positive result for a graph above the x—axis, and a negative result for a graph below the x—axis.

Note: If the graph of y = f(x) is partly above and partly below the x—axis, the formula given below generates the
net area. That is, the area above the axis minus the area below the axis.

Formula: {/

F-Axis

o b= I:'-"
Area:f flx)dr

Example 1: Find the area between = 7 — X* and the x—axis between the values
x=-1and x= 2.

£ 2 N
Area = E} dx
2
—1
1 . 1 .
= (B = |7 (—1y—=1—1
o) - [re - 2]
Example 2: Find the net area between y = sin x and the x—axis between the

values x = 0 and x = 27.

2w
Net area =f sinrdr
1]

~ (—cosa)"
= (~1) = (1)
=0

11
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Area Using Parametric Equations
Parametric Integral Formula

The area between the x—axis and the graph of x = x(t), y = y(t) and the x—axis is given by the definite integral
below. This formula gives a positive result for a graph above the x—axis, and a negative result for a graph
below the x—axis.

Note: If the graph of x = x(t), y = y(t) is partly above and partly below the x—axis, the formula given below
generates the net area. That is, the area above the axis minus the area below the axis.

Formula: x =x(f)h v = 1)

Example: Find the area of the between the x—axis and the first period of the cycloid x =t —
sint,y =1 -cos t. The values of t run from 0O to 2.

ta
Area = f ydx
ty

2
=f (1 —cost)d(t —sint)
0

2T
=f (1 —mst}z it

0

2T
=f {1—20c5t+cc62t)dt

0

Dar P

1+ cos 2t

= f (l — 2cost + 71) dt

0 2

D
3 1

fn (5 — 2c08t + Em:ﬁzr.) et

2

Il
bal e

1
t—ﬂsint—l—lsinzz‘.)

D [ I TR I R S
— a7 2 4 6

12
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Area Using Polar Coordinates
Polar Integral Formula

The area between the graph of r = r(8) and the origin and also between the rays 6 = a and © = B is given by
the formula below (assuming a < B).

Q i 1
Area =f —ridp
- 2

Example:  Find the area of the region bounded by the graph of the lemniscate =2 cos O,

Formula:

the origin, and between the rays © = —7t/6 and © = /4.

."J'1 5
Area = —r<dd
rea, L 21 [

/4 1
= / 3 (2cos@) dd

_"'-r.-'llﬁ ‘

PR Y |
= (sinf)|"

() (s —~
o 2 2 : :

: /2 O=—1/6
_l-l—\,.:_" r‘3=2uw T

T .l'l'4

Asymptote
A line or curve that the graph of a relation approaches more and more closely the further the graph is followed.

Note: Sometimes a graph will cross a horizontal asymptote or an obligue asymptote. The graph of a function,
however, will never cross a vertical asymptote.

T4

___.----""a':j:!.rmptl:-te

-

%

Az tate
Tmp

13
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Average Rate of Change

The change in the value of a quantity divided by the elapsed time. For a function, this is the change in the y-
value divided by the change in the x—value for two distinct points on the graph.

Note: This is the same thing as the slope of the secant line that passes through the two points.

Average Value of a Function

The average height of the graph of a function. For y = Ax) over the domain [a, b], the formula for average
value is given below.

1
& walug = —— x)dx
werage value b_ﬂ_l:f'i 3

The height of this
horizomtal line is the
wrerage alue of the
funckion.

The rectangle has the same area a5
he shaoded region under the eurwe,

Axis of Rotation

A line about which a plane figure is rotated in three dimensional space to create a solid or surface.

Boundary Value Problem
BVP

A differential equation or partial differential equation accompanied by conditions for the value of the function
but with no conditions for the value of any derivatives.

Note: Boundary value problem is often abbreviated BVP.

Differential Equation y" +y =sin x
Initial Value Problem (IVP) y'"+y=sinx,y(0)=1,y'(0)=-2

Boundary Value Problem (BVP) y'"+y=sinx,y0)=1,y(1)=-2
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A function with a range that is a bounded set. The range must have both an upper bound and a lower bound.

Bounded Function ¥ I

_ \“\- o

Bounded Sequence

As

D

quence with terms that have an upper bound and a lower bound. For example, the harmonic sequence

1,

o=

[
L] =
= | =

is bounded since no term is greater than 1 or less than 0.

Bounds of Integration
Limits of Integration

b
f flr)de

For the definite integral , the bounds (or limits) of integration are a and b.

Calculus

The branch of mathematics dealing with limits, derivatives, definite integrals, indefinite integrals, and power
series.

Common problems from calculus include finding the slope of a curve, finding extrema, finding the
instantaneous rate of change of a function, finding the area under a curve, and finding volumes by parallel
cross—sections.

Cartesian Form
Rectangular Form

A function (or relation) written using (x, ¥) or (x, ¥, 2) coordinates.

Cavalieri’s Principle

A method, with formula given below, of finding the volume of any solid for which cross—sections by parallel
planes have equal areas. This includes, but is not limited to, cylinders and prisms.

Formula: Volume = Bh, where B is the area of a cross—section and h is the height of the solid.

15



Expert Group

AP Calculus BC

Center of Mass Formula

The coordinates III-T]of the center of mass of a plane figure are given by the formulas below. The formulas

only apply for figures of uniform (constant) density.

1. Plame region bounded above by ¥ = fl:.t:l, below bow the w-eds, on the left by X =a, and on

the right by X =B
M, 1 M, 1l
I =ﬁ =IL.§I’I:I:|!'H ¥y =— =I-|:2—[f|:'{:|]2 dx

Hote: M, is the moment about the yezds, M is the moment ahout the x—sods, M is the

mass, ond A is the anea,

2. Pl region bounded above by ¥ = F{x), below br y = g(x), om the lft by ¥ =d, and om

the right br X =5

T=to () -gllar ¥ =T == (2 [r0f - [ )an

A

Hate: M, is the moment sbout the yezds, M is the moment about the z-axds, 0 is the

mass, and A iz the area.

Centroid

For a triangle, this is the point at which the three medians intersect. In general, the centroid is the center of

mass of a figure of uniform (constant) density.

B

Midpoint Midpoint

¥

A Midpoint i

Centroid of a Triangle

Chain Rule

& _dydu
Another form of the chain rule is dx  dudx

ap. & P f dy _dydu
Chain Rule: dtftg[.t],l_f (e(x)lg (x) ar o =T an
Eam ples:

1. %(f +3] =B(x*+5) 2x=16x(x +5)

Z. For }'=1¢$sndu=t!+5,

dy dydu

27600 =7 508 )

A method for finding the derivative of a composition of functions. The formula is dx

16
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Comparison Test
A convergence test which compares the series under consideration to a known series. Essentially, the test

determines whether a series is "better" than a "good" series or "worse" than a "bad" series. The "good" or "bad"
series is often a p—series.

If> a,,> ¢,, and > d, are all positive series, where > ¢, converges and > d, diverges, then:
1.1f a,< ¢, forall n= Nfor some fixed N, then > a, converges.

2.1t a,= d,for all n= Nfor some fixed NV, then > a, diverges.

Concave
Non-Convex

A shape or solid which has an indentation or "cave". Formally, a geometric figure is concave if there is at least
one line segment connecting interior points which passes outside of the figure.

Comwrave Ehapes : II | :

Concave Down

A graph or part of a graph which looks like an upside—down bow! or part of an upside—down bowil.

concave down

7N

i -
‘ X

Concave Up

A graph or part of a graph which looks like a right—side up bowl! or part of an right—side up bowl.

\\_/:nmave up
-~ -
# ¥

17
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Conditional Convergence
Describes a series that converges but does not converge absolutely. That is, a convergent series that will

become a divergent series if all negative terms are made positive.

I~

— = 4 o= ponverges eonditionally. It eomwe rges,

+

E

13 ] =

Examyple: The serjes 1 —

oy

bur 1 o+ + o= diverges. [The Latter is the harmomie series.)

Wi |

Constant Term
The term in a simplified algebraic expression or equation which contains no variable(s). If there is no such term,

the constant term is O.
Example: -5 is the constant term in p(x) = 2x° — 4x° + 9x— 5

Continued Sum

See Sigma Notation

Continuous Function

A function with a connected graph.
Dizeontinwous Funetion

Continwous Function

N P
\/.. ://\1/-;

=}
¥ ¥

Crefinition of Zontinwvity: A funetion is conkinwows st X =@ if
1. lim fli.tjl exdsts
=

. fliajl exists

o 1 £ (x) =7 (e)

Continuously Differentiable Function

A function which has a derivative that is itself a continuous function
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Converge

To approach a finite limit. There are convergent limits, convergent series, convergent sequences, and

convergent improper integrals.

Converge Absolutely

See Absolute Convergence

Converge Conditionally

See Conditional Converge

Convergent Series

An infinite series for which the sequence of partial sums converges. For example, the sequence of partial sums

of the series 0.9 + 0.09 + 0.009 + 0.0009 + ---
so the series 0.9 + 0.09 + 0.009 + 0.0009 + --- is convergent.

Convergent Sequence

is 0.9, 0.99, 0.999, 0.9999, .... This sequence converges to 1,

A sequence with a limit that is a real number. For example, the sequence 2.1, 2.01, 2.001, 2.0001, . . . has
limit 2, so the sequence converges to 2. On the other hand, the sequence 1, 2, 3, 4, 5, 6, . . . has a limit of
infinity (e0). This is not a real number, so the sequence does not converge. It is a divergent sequence.

Convergence Tests

Limit test for divergence
Integral test
Comparison test

Limit comparison test
Alternating series test
Ratio test

Root test

Critical Number
Critical Value

The x—-value of a critical point.

19
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A point (x, ¥) on the graph of a function at which the derivative is either 0 or undefined. A critical point will
often be a minimum or maximum, but it may be neither.

Note: Finding critical points is an important step in the process of curve sketching.

Critical Value
See Critical Point

Curly d

The symbol 8 used in the notation for partial derivatives.

Curve

A word used to indicate any path, whether actually curved or straight, closed or open. A curve can be on a
plane or in three—dimensional space (or n—-dimensional space, for that matter). Lines, circles, arcs, parabolas,
polygons, and helixes are all types of curves.

Note: Typically curves are thought of as the set of all geometric figures that can be parametrized using a single

parameter. This is not in fact accurate, but it is a useful way to conceptualize curves. The exceptions to this
rule require some cleverness, or at least some exposure to space—filling curves.

Curve Sketching

The process of using the first derivative and second derivative to graph a function or relation. As a result the
coordinates of all discontinuities, extrema, and inflection points can be accurately plotted.

Cusp

A sharp point on a curve. Note: Cusps are points at which functions and relations are not differentiable.

¥ | FUs]

N

f 1

-
X

20
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Cylindrical Shell Method
Shell Method

A technique for finding the volume of a solid of revolution.

Pobme - [ 2 (1) dx

wds of rotakion

Decreasing Function

A function with a graph that moves downward as it is followed from left to right. For example, any line with a
negative slope is decreasing.

Note: If a function is differentiable, then it is decreasing at all points where its derivative is negative.

Definite Integral

b

flz)de
An integral which is evaluated over an interval. A definite integral is written L . Definite integrals are
used to find the area between the graph of a function and the x—axis. There are many other applications.

Formally, a definite integral is the limit of a Riemann sum as the norm of the partition approaches zero.

a a I I
That |S, J:-f('t:ld‘t = ﬂn‘]jli.\,l}; ] EJ“(CA: -I:-T-_d,- =Ny | .

13

ef <M 59

3

- <657 -

LY e

E 1
Exmple : J'! iy =—x°
2 e

Definite Integral Rules
See Integral Rules

Degenerate
An example of a definition that stretches the definition to an absurd degree.

A degenerate triangle is the "triangle" formed by three collinear points. It doesn’t look like a triangle, it looks
like a line segment.

A parabola may be thought of as a degenerate ellipse with one vertex at an infinitely distant point.

Degenerate examples can be used to test the general applicability of formulas or concepts. Many of the
formulas developed for triangles (such as area formulas) apply to degenerate triangles as well.

Deganerate ASEC

& E C

21
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Del Operator

a i] [i 2 i]
The symbol ¥, which stands for the "vector" [a-“' &/ or VX dy dz)

Deleted Neighborhood

The proper name for a set such as {x: 0 < |x —al| < 8}. Deleted neighborhoods are encountered in the study
of limits. It is the set of all numbers less than & units away from a, omitting the number a itself.

Using interval notation the set {x: 0 < |[x —al < 8} would be (a—8, a) U (a, a+ 8). In general, a deleted
neighborhood of a is any set (c, a) U (a, d) where c < a < d.

For example, one deleted neighborhood of 2 is the set {x: 0 < |x — 2| < 0.1}, which is the same as (1.9, 2) U
(2,2.1).
— C——
19 2 o1

The deleted meighborhood {3 0 < v —2] < 0.1}

Derivative

A function which gives the slope of a curve; that is, the slope of the line tangent to a function. The derivative
of a function fat a point x is commonly written 7'(x). For example, if Ax) = X’ then '(x) = 3. The slope of the

tangent line when x=5is f'(x) = 3-5° = 75.

Definitions of Deriwatives:

[0 -fe o &Y

“f@) = lim
f ( :I ax L0 MY

A=A

o fel—f dy Ay
Frix _]ﬂ—h =

Bome of the notations for the derivative of ¥ = FX):

. 5 A
i 7 :;:; t:,:; fixof
}I'- |:'[:| }I'- E E}I D}I

Derivative of a Power Series

The derivative of a function defined by a power series can be found by differentiating the series term—by—
term.

Huppose

E;-:'ﬂl:x —af =c, +q(x—a)+cg(x—al +o(x —af + +e,(x —a) +--

somverges over the interwal (£, ). Then the fumetion [ defined by this series

flx)= Eﬂcﬂl:x—a:fa =g, +o(r—a)+ox —af +olr-al + +c(x—a) +

o=

is differentiable ower the interwal (¢, &) with derivative

I I:J[:I: E::nfﬂlix —aja'l =G +2c'!|:x —ajl+ 3-:'3(.1 —a]! ESLE +1‘1|:"ﬂ|:.1[ —ﬂ:lﬂ_l +ooe
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Derivative Rules

A list of common derivative rules is given below.

23

'l

10

11

14

. iuotient rule; —

. a1l v
. Reciprocal rule: — —] =-—

du
Bum —I:u :I=—+—
dx dv dx
du
Difference —I: - :I=———
dx  dx
273
Powsrnle: —1" =™ —
dx

d
. Produst rule: — (1w ) =1 + 10
dx

2

d [:u,] wv -
v

dx v,

dx v, v

. Chain il %f{g[.t:l:l=f‘l[g|{x:|:lg’|{x:| or

) . d . die

. Trig funetions : — SN =COSKE—
dx dx

d du
—fani =sec’ 11—

dx adx

d di
—sec i =secu Ny —
dx dx

. Comstant funetion: d—cr. =0, where o = amy constant
X

. d i
. Bealar mudtiple —I:ctl.',] =gt = Yhere o = a0V COIstant
dx dx

B2
|2
2|&

d . du
—COSY = —5inu—
X dx

e 2 du
—rotl = =30 U—
ax dx

di
—cscy = —cscuecot—
dx

X
I e I 1 du d 1 du
: K tons: —sIM # = ——=— —ns = ———m——
e Hig T dax J1-u? dx dx Y1 -2 dx
1 1 du d 1 1 du
— U= = —cot = — =
dx Ly dx dx L4 dx
a4 . 1 a4 1 du
—sB0 U= ———— —8 U=—————
dx pehia® -1 dx dx M\Eﬂ_l dx
F B e d A e
. Exgponentisl funstioms: —[:f""]=f"’— and —[:::"']::z"'l:hm:l—
dnt dx dyt dx
d 1 du d . [i]
. Log fumetions: — (i) =—— and —|log ) =—+—
oF e t’i‘[( ) u dx :itl[ Salt] (In adx

1
FF)

d 1
i fumetions: — Xl=
werse Eumctions m}’ (x)
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Difference Quotient

Flx+h) —fFix)
For a function f, the formula h . This formula computes the slope of the secant line through two
points on the graph of f. These are the points with x—coordinates x and x + h. The difference quotient is used

in the definition the derivative.

Bomple: f(X) =31 —9x+4

Fluem —r 30 +hf -s(xeh)ed (32" 51+ 4]

n n
32" +6xh +3R° —-5x-Sh+4 32" +5x -4
- h
G +30° -5k
S
=6X +3h -3
Differentiable

A curve that is smooth and contains no discontinuities or cusps. Formally, a curve is differentiable at all values
of the domain variable(s) for which the derivative exists.

Differential

An tiny or infinitesimal change in the value of a variable. Differentials are commonly written in the form adx or ay.

Differential Equation

dy
— +y =0
An equation showing a relationship between a function and its derivative(s). For example, dx ! is a

differential equation with solutions y= Ce ™.

Differentiation

The process of finding a derivative.

Differentiation Rules
See Derivative Rules
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Discontinuity

A point at which the graph of a relation or function is not connected. Discontinuities can be classified as either
removable or essential. There are several kinds of essential discontinuities, one of which is the step

discontinuity.

¥

—r T

rem ovable dizeontinyity
diseomtinuity

Discontinuous Function

A function with a graph that is not connected.

Diseontinmous Funetion Continuons Funetion

A |
e

F ]
i
-¥

Disk

The union of a circle and its interior.

Disk

Disk Method

A technigue for finding the volume of a solid of revolution. This method is a specific case of volume by parallel
cross—sections.

Folume = Lﬂm[ Feufdx

wids of rotation
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Distance from a Point to a Line

The length of the shortest segment from a given point to a given line. A formula is given below.

F
Distance from (X, ¥, ) to the line Av + By + C =0: .
: i £
|A.t,, +By, + ':l : distance from F ta

Ilﬂ! +En \f

distames =

Diverge

To fail to approach a finite limit. There are divergent limits, divergent series, divergent sequences, and
divergent improper integrals.

Divergent Sequence

A seqguence that does not converge. For example, the sequence 1, 2, 3, 4, 5, 6, 7, ... diverges since its limit is
infinity (o). The limit of a convergent sequence must be a real number.

Divergent Series

A series that does not converge. For example, the series 1 +2 + 3+ 4 + 5 + --- diverges. Its sequence of
partialsums 1,1 +2,1+2+3,1+2+3+4,1+2+3+4+5, .. diverges.

e

e = 2.7182818284.... is a transcendental number commonly encountered when working with exponential
models (growth, decay,and logistic models, and continuously compounded interest, for example) and

exponential functions. e is also the base of the natural logarithm.

Definitions of £ = 2.7 18:
.

1 .
f‘=].1.111(].+—] e =lim(l+ "
asm ., K

1 1 1 1 =
E=— =t —t 4z —
ooz 3 =l

Ellipsoid
A sphere-like surface for which all cross—sections are ellipses.

Ellipsmid
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End Behavior

The appearance of a graph as it is followed farther and farther in either direction. For polynomials, the end
behavior is indicated by drawing the positions of the arms of the graph, which may be pointed up or down.
Other graphs may also have end behavior indicated in terms of the arms, or in terms of asymptotes or limits.

Polynomial End Behavior:

1. If the degree n of a polynomial is even, then the arms of the graph are either both up or both down.
2. If the degree nis odd, then one arm of the graph is up and one is down.

3. If the leading coefficient a7 is positive, the right arm of the graph is up.
4. If the leading coefficient ar?is negative, the right arm of the graph is down.

Essential Discontinuity

Any discontinuity that is not removable. That is, a place where a graph is not connected and cannot be made
connected simply by filling in a single point. Step discontinuities and vertical asymptotes are two types of
essential discontinuities.

Formally, an essential discontinuity is a discontinuity at which the limit of the function does not exist.
}IT
) /D . /,_
R
step 1

dizeontimuity

Explicit Differentiation

The process of finding the derivative of an explicit function. For example, the explicit function y = X —Tx+ 1
has derivative y'=2x-7.

Explicit Function
A function in which the dependent variable can be written explicitly in terms of the independent variable.

For example, the following are explicit functions: y= ¥ -3, M =+3+7 and y=log, x.

Exponential Decay

A model for decay of a quantity for which the rate of decay is directly proportional to the amount present. The
equation for the model is A = Aob’ (where 0 < 6< 1) or A = Aoe” (where kis a negative number representing
the rate of decay). In both formulas A, is the original amount present at time ¢= 0.

This model is used for phenomena such as radioactivity or depreciation. For example, A = 50¢ %%
for exponential decay of 50 grams of a radioactive element that decays at a rate of 1% per year.

is a model
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Exponential Growth

A model for growth of a quantity for which the rate of growth is directly proportional to the amount present.
The equation for the model is A = Ajb’ (where 6> 1) or A = Aoe” (where kis a positive number representing
the rate of growth). In both formulas A, is the original amount present at time #= 0.

This model is used for such phenomena as inflation or population growth. For example, A = 70006 %" is a
model for the exponential growth of $7000 invested at 5% per year compounded continuously.

Exponential Function
Exponential Model

A function of the form y = a b*where 2> 0 and either 0 < < 1 or b> 1. The variables do not have to be x
and y. For example, A = 3.2:(1.02)" is an exponential function.

Note: Exponential functions are used to model exponential growth, exponential decay, compound interest, and
continuously compounded interest.

Extreme Value Theorem
Min/Max Theorem

A theorem which guarantees the existence of an absolute max and an absolute min for any continuous
function over a closed interval.

Theorem I a funetion £ is continuous owver [ﬂ. !J] then there are
numbers ¢ amd d in [ﬂ, -EJ] such that () is am absolute
minimum over [@ 5] and F(d) it am sbsolue madmum

over [, B].

Extreme Values of a Polynomial

The graph of a polynomial of degree n has at most 7— 1 extreme values (minima and/or maxima). The total
number of extreme values could be n—1 or n—3 or n— 5 etc.

For example, a degree 9 polynomial could have 8, 6, 4, 2, or 0 extreme values. A degree 2 (quadratic)
polynomial must have 1 extreme value.

Extremum

An extreme value of a function. In other words, the minima and maxima of a function. Extrema may be either
relative (local) or absolute (global).

Note: The first derivative test and the second derivative test are common methods used to find extrema.

Equivralent Hames of Extrema

relative minimuwm = local mindimum
pelative mardimwm = lowal masdmum
ibsolute minimuwm = global minimum
sbzoluke maximum = globsl mardmum
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Factorial

The product of a given integer and all smaller positive integers. The factorial of n is written n! and is read aloud
"n factorial".

Note: By definition, 0! = 1.

n(n-1):(n-2)---321
6-5-4-3-2:1 =720

Formula: n!

Example: 6!

Falling Bodies
See Projectile Motion

First Derivative

Same as the derivative. We say first derivative instead of just derivative whenever there may be confusion
between the first derivative and the second derivative (or the nth derivative).

First Derivative Test

A method for determining whether an inflection point is a minimum, maximum, or neither.

First Derivative Tesk: For a giwen criticel poink,

1. I the deriwarive is megatiwe on the left of the eriticsl point snd positive om
the right, them the etitical point is 2 minimwm.

2. I the derivarive is pozitive on the left of the eritisl point snd negative om
the right, then the ertical point i a madm wm.

3. Im amy other case, the eritical point is neither a minimwm nor & maedmum.
Brample: Comsider f(x) =61 —x7, which hos derbvarive f'(x)=6 —2x.

f has aeritical number at X =3 sinee 3 is the solwtion to & —2x =0.

To determ ine whether thiz eriticel number is & mez, min, or neither,
eoneider where [ it imcressing and decreasing .

Frix) positive Tegative
Fix) ingreasing deereasing
-+—— 1
210 1 & 3 4 56 A

A the diagram shows, ¥ =3 is a madmum.

First Order Differential Equation

An ordinary differential equation of order 1. That is, a differential equation in which the highest derivative is a
first derivative. For example, y' + xy = 1 is a first order differential equation.
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Fixed

Constant. Not changing or moving.

Function Operations

Definitions for combining functions by adding, subtracting, multiplying, dividing, and composing them.

1.
2.

£

Fundamental Theorem of Calculus

. divisiom (—] (x) ===
g

adition. (f +g X x)=F(x) +g(x)
subteartion (f —p Nx) = F(x) —g (%)
multiphizarion  (fg {x) = F(X)- gCx)

I ity

glx)

. tomposition lrf o f Jixy = ﬂ:g{\!} ]

The theorem that establishes the connection between derivatives, antiderivatives, and definite integrals. The
fundamental theorem of calculus is typically given in two parts.

Pat 1: I [ is & Eunetion whick is eontinuous on [&, b)), then the funetion g(x) = J:If (rdt
is continwous on [ B, differentishle on (@, b), and g'{x)= Fix) .

i
Fart 2 I f is a Funetion which is contimuous on [ﬂ. b], then Lf(.t}l:’it =F(B) —F(a),

Fundamental Theorem of Caleulus

where F iz anr sntiderivative of f.

GLB

See Greatest Lower Bound of a Set

Global Maximum, Global Max

See Absolute Maximum, Absolute Max

Global Minimum, Golbal Min

See Absolute Minimum, Absolute Min
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Golden Spiral

A spiral that can be drawn in a golden rectangle as shown below. The figure forming the structure for the spiral

is made up entirely of squares and golden rectangles.

Graphic Methods

Gollem Hpiral

\

b

/

The use of graphs and/or pictures as the main technique for solving a math problem. When a problem is
solved graphically, it is common to use a graphing calculator.

Greatest Lower Bound of a Set

GLB

The greatest of all lower bounds of a set of numbers. For example, the greatest lower bound of (5, 7) is 5. The

greatest lower bound of the interval [5, 7] is also 5.

Greek Alphabet

The letters of ancient Greece, which are frequently used in math and science.

31

Aa

BB
My
AS
Ee
VAKS
Hn
© 06
Il
K K
AN
M u

alpha

beta
gamma
delta
epsilon
zeta
eta
theta
iota
kappa
lambda
mu

N v
=%
Oo
N
Pp
20
TT
Yu
(ON0)
XX
Yo
Qw

nu
Xi
omicron
pi

rho
sigma
tau
upsilon
phi

chi

pSi
omega
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Harmonic Sequence
Harmonic Progression

1,
The sequence

r.\:.-_II—L
L] =
=] =

Note: The harmonic mean of two terms of the harmonic sequence is the term halfway between the two original
1 1 1

terms. For example, the harmonic mean of 2and 6is 4.

Harmonic Series

1
L A
The series 4 n . Note: The harmonic series diverges. Its sequence of partial sums is

unbounded.

Helix

A curve shaped like a spring. A helix can be made by coiling a wire around the outside of a right circular
cylinder.

Helix

)

—

Higher Derivative

Any derivative beyond the first derivative. That is, the second, third, fourth, fifth etc. derivatives.

Hole
See Removable Discontinuity

Homogeneous System of Equations

A system, usually a linear system, in which every constant term is zero.

2X -4y +3z =0
Homogeneous
Fystem of Equations x+Ty+ £=0

-x+2y +3z =0
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A variation of trigonometry. Hyperbolic trig functions are defined using ¢ and e ™. The six hyperbolic trig
functions relate to each other in ways that are similar to conventional trig functions. Hyperbolic trig plays an
important role when trig functions have imaginary or complex arguments.

Note: Hyperbolic trigonometry has no relation whatsoever to hyperbolic geometry.

_ e’ e 1 )
De’initions: sinhx = osch x =— =
2 smhx & —¢&~
ey’ 1 e
cashy = sechx = =—
2 coshy & +¢&7
ginhxy e'—e" cshy el+e’
fanh x - -—— coth x =— - |.+ —
coshx & +¢&7 sithxy & —&—
Identity Function

The function Ax) = x. More generally, an identity function is one which does not change the domain values at
all.

Note: This is called the identity function since it is the identity for composition of functions. That is, if Ax) = x
and gis any function, then (7° g)(x) = g(x) and (g ° H(x) = g(x).

Implicit Differentiation

A method for finding the derivative of an implicitly defined function or relation.
) . c _dy H H
Exeanple: Implicit differentistion is weed to find E for X+ -¥ =L.

ey =y =)

dx _
21X+ [1- ¥+ t:?_t] —2}'% =0
Ix+y :2}'% -x%
Ix+y= %I{i}' -x)
Zi+y Oy
Iy —x T dx

dy  Zx+y or 2x+y

dr —x+1y  2y-x

Implicit Function or Relation

A function or relation in which the dependent variable is not isolated on one side of the equation. For example,
the equation X+ Xy — J; = 1 represents an implicit relation
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Improper Integral

A definite integral for which the integrand has a discontinuity between the bounds of integration, or which has
oo and/or — as a bound. Improper integrals are evaluated using limits as shown below. If the limit exists and

is finite, we say the integral converges. If the limit does not exist or is infinite, we say the integral diverges.

Examyples:
= d 17" 1 I

1, _E —: = lim —: =lim [——]1 = lim [—— —(——]] =1
¥ oue gy e |y e | B 1,

X g
a. J’ 7 =lim lm 7 = lim lin [ta.u'lx =lim lim [13.11'1!3—1:-1.11'1:1]=

-= oy +1 A=s-B fym YT 4] Ae-m am S =@ @

litn litn

3 f e .-.)11? (M. ﬂgf—tjﬁ]J'(M' 3 t—“]f‘e]

. 3

i o) s et
. 3 3 I - S

=[,.h_'}} [E[b f El_ f ]] [J]._].l;l [E[:— :T:l— f"]
3 3

B

=0

Increasing Function

A function with a graph that goes up as it is followed from left to right. For example, any line with a positive
slope is increasing.

Note: If a function is differentiable, then it is increasing at all points where its derivative is positive.

Indefinite Integral

The family of functions that have a given function as a common derivative. The indefinite integral of Ax) is
written

| Ax) akx.

1
Example : J'.t!:it ==x +C
3

Indefinite Integral Rules
See Integral Rules

34



EC’ AP Calculus BC

Expert Group

Indeterminate Expression

An undefined expression which can have a value if arrived at as a limit.

Note: Another way to think about indeterminate expressions is to see them as a disagreement between two

0

rules for simplifying an expression. For example, one way to think about 0 is this: The 0 in the numerator
]

makes the fraction "equal" 0, but the 0 in the denominator makes the fraction 0 "equal" oo, This conflict
makes the expression indeterminate.

Common indeterminate expressions:

0 o0
E +oo 00 {0 oo() 0 — co
Example: . sinx ]

1m
The limit z—0 I seems to evaluate to U , which is indeterminate. In fact,

_ Einx
lim =1
x—0 I

since sin x and x are approximately equal to each other for values of x near 0.

Note that this limit can also be computed using I'Hopital’s rule.

Infinite Geometric Series

An infinite series that is geometric. An infinite geometric series converges if its common ratio r satisfies -1 < r
< 1. Otherwise it diverges.

General Form = r2]_+r21:"'+r21:"2 +r21:"3 +---+r21:"’°":l + o=

fim = 4 aslomgas —laral
l-r
- 1 1 1 - 1
Exam ple 1: S+lt—+—+—+-- hsy =3 and r=—.
i 9z 3
3 9
Svm:—lz—:4j
2]
1—= &
3
1 1 1 1 1 1
Emmple 2: le—t— - ——— 4 e, =] sl F=—=.
2 4 8B 18 32 2
1 2
Hum = — = —
1y 5
(3]

Infinite Limit

A limit that has an infinite result (either o or —o ), or a limit taken as the variable approaches oo (infinity) or —c
(minus infinity). The limit can be one-sided.
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Infinite Series

R

1+l+—1+ R e R o . .
4 9 18 n . The sum of an infinite series is defined as the

A series that has no last term, such as
limit of the sequence of partial sums.

Note: The infinite series above happens to have a sum of n°/6.

Exmpls: What is the svm of 9 4 .09 + 009 + 0005 4=« 91077 4 o7

Bequenee of partial sums:

9, 99, 999, 9999,

The limit af this sequencs iz 1.

Thus we sar 9+ 09+ 009 + 0009 +--- = 1.

Infinitesimal

A hypothetical number that is larger than zero but smaller than any positive real number. Although the existence
of such numbers makes no sense in the real number system, many worthwhile results can be obtained by
overlooking this obstacle.

Note: Sometimes numbers that aren't really infinitesimals are called infinitesimals anyway. The word
infinitesimal is occasionally used for tiny positive real numbers that are nearly equal to zero.

Infinity

A "number" which indicates a quantity, size, or magnitude that is larger than any real number. The number
infinity is written as a sideways eight: c. Negative infinity is written —o.

Note: Neither e nor —<0 is a real number.

Inflection Point
A point at which a curve changes from concave up to concave down, or vice—versa.

Note: If a function has a second derivative, the value of the second derivative is either O or undefined at each
of that function's inflection points.

Vi

infler tion roint

-
X

F 3
T
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Initial Value Problem
IVP

A differential equation or partial differential equation accompanied by conditions for the value of the function
and possibly its derivatives at one particular point in the domain.

Differential Equation y"+y=sinx
Initial Value Problem (IVP) y"+y=sinx 0) =1, y(0) =-
Boundary Value Problem (BVP) y'"+y=sinx 0)=1, f1)=-2

Instantaneous Acceleration

The rate at which an object's instantaneous velocity is changing at a particular moment. This is found by taking
the derivative of the velocity function.

Note: For motion on the number line, instantaneous acceleration is a scalar. For motion on a plane or in space,
it is a vector.

Instantaneous Rate of Change
The rate of change at a particular moment. Same as the value of the derivative at a particular point.

For a function, the instantaneous rate of change at a point is the same as the slope of the tangent line. That is,
it's the slope of a curve.

Note: Over short intervals of time, the average rate of change is approximately equal to the instantaneous rate
of change

Instantaneous Velocity

The rate at which an object is moving at a particular moment. Same as the derivative of the function describing
the position of the object at a particular time.

Note: For motion on the number line, instantaneous velocity is a scalar. For motion on a plane or in space, it is
a vector.

Integrable Function

A function for which the definite integral exists. Piecewise continuous functions are integrable, and so are
many functions that are not piecewise continuous.

Note: Non-integrable functions are seldom studied in the first two years of calculus.
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Integral

As a noun, it means the integral of a function.

As an adjective, it means "in the form of an integer." For example, saying a polynomial has integral coefficients
means the coefficients of the polynomial are all integers.

Integration Methods
The basic methods are listed below. Other more advanced and/or specialized methods exist as well.

u—substitution
integration by parts
partial fractions

trig substitution
rationalizing substitutions

Integral of a Function
The result of either a definite integral or an indefinite integral.

1
Exmples: -r.t!:it ==x +C
3

3
J‘sx’m=:1f Lesp_lpp oM s
i 3l 3

3 3

Integral Rules

For the following, a, b, ¢, and C are constants; for definite integrals, these represent real number constants.
The rules only apply when the integrals exist.

Indefinite integrals (These rules all apply to definite integrals as well)

[a.f{u} a‘u:a[f{u} du
1.

[[f{1aj+g{1¢j] du:ff{u] du—l—fg(u] du
2.

f[f{u}—g{u}] du:ff{u] du—f_g{u] du
3.

f[a.f (u) + bg (u)] du = aff(u] d1t+bfg(u] du
4,

[uu‘r:mr—ftr dit
5. Integration by parts:
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Definite integrals

b a
[ flu) du= —[ fu) du
1. Ja b
[ h o
f I lu) du:ff{u}du—l—f flu) du
2. Ya @ b

b i
f flu)du < f g(u) du
3.1f Au) < glu) forall a< v < b, then Ya a

b
f flu) du < M(b— a)

4.1f Auw) < Mforall a< v < b, then

b
m(b—a}f_-;f ¥ ) du

5.fm< Au) forall a< v < b, then

b b
f flu) du Ef |f (u)| du

6. 1f a< b, then

Integral Test

A convergence test used for positive series which with decreasing terms.

¥ a, = fin), where [ is continuons, positive, snd decressing over [, o), then:

a

1. Ifﬁ}l:x:l:it comverges then E{ﬂ’“ COLerTes .

=

3 ; X )dlx diverges then S @ Hverones .
ﬂ £l

Integral Test Remainder

For a series that converges by the integral test, this is a quantity that measures how accurately the nth partial
sum estimates the overall sum.

m a
I E{ﬂ"’ eomverges o 5 by the dmvegral test where @, =_,1‘|:n]|, them the remainder R, =5 —E{ﬂd‘.
;=

can be estimared as follows:

ﬁd_;l"(x]l:it = R, 5_|if(.t]|:it
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Integrand
The function being integrated in either a definite or indefinite integral.

Example: x°cos 3x s the integrand in | x°cos 3x ax.

Integration

The process of finding an integral, either a definite integral or an indefinite integral.

Integration by Parts

A formula used to integrate the product of two functions.

Formula: fu dv = uv — /1: du

Example 1: fl“’-x”lg d
Evaluate .

Use v = xand dv= &' ax. Then we get du= dxand v= 2¢&"?. This can be summarized:
u=x av=¢e"ax, au=dx, v=2e&"
[t follows that

I . J 1
f:sez*’z dr = 27e*/% — f‘):e‘-“z dr

= 2pe”’? — 47?4

Example 2: /Lan—l z dzx
Evaluate
. du = ——dx
Use the following: v=tan ' x, av= ax, 14 Cy=x
Thus

.
T

[tan—la‘ dr=rtan~'r — / S

. J 14z

—;1:.'t:a.11_1:t.'—l 2z dax
T 2 1+ =2

1
—rtan~ 'z — 511‘1|1+I2|+C

1 .
= xtan~'x — 5In (1+2%)+C
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Example 3: fe“sinr dz
Evaluate .

fe‘sin:r dr
Letl= . Proceed as follows: v=sin x, dv= &' dx, du=cos xdx, v=¢*

fe”sin-r d;:e“sinx—f&‘"‘c&sx dr
Thus

Now use integration by parts on the remaining integral. Use the following assignments:
U=cos x, av=¢e"dx, du=-sin xdx, v=¢&"

Thus

fe‘sizl;r dr =e*sinx — [e‘m:ﬁ:r - ]e”‘ (—sinx) a’:e}

=& sinw — e cose — ft"“ sl die

fe‘sin T dr
Note that appears on both sides of this equation. Replace it with /and then solve.
I =¢e*sinr — e*cosxr — T
2] = e*sinr — e cosx

1 . 1
I = —¢e"sinx — Ee‘ccns:r

We finally obtain

. 1 . 1
j e sinrdr = EE"‘ sinr — Ef"‘ cosx + O

Integration by Substitution

An integration method that essentially involves using the chain rule in reverse.

Exsmyle: Far I.‘[-\lﬁ +20 Ay et u=F+ 1"
Thet mesws ¢l =2x dx

;zhs =xdx
Tt follows that

J'.w'5+x! dx =J'1.I'E-:1¢s

I~

I
|
gH.'I
g

=
T

+

M

ul | 12

|
Wi— L3~ 13 ] —

=
(5 1 _]’ +1Z
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Integration Methods
See Integral Methods

Intermediate Value Theorem
IVT

A theorem verifying that the graph of a continuous function is connected.

Intermediste Value Theorem;

I [ is & function thet is sontinuous over the domain [, B]
amd if M2 is & Iumber between JFi@) and (), then there
is some number & between @ a1d B oswehthat fe] = w2

Interval of Convergence

For a power series in one variable, the set of values of the variable for which the series converges. The interval
of convergence may be as small as a single point or as large as the set of all real numbers.

a0 2 z 4
) X XX x

Example: The ceries T—=I+—+T+—+---

- 2 3

comverges only for =1 £ X <1, o the
interval of comvergense is [ =1 1.

Iterative Process
An algorithm which involves repeated use of the same formula or steps. Typically, the process begins with a
starting value which is plugged into the formula. The result is then taken as the new starting point which is then

plugged into the formula again. The process continues to repeat.

Examples of iterative processes are factor trees, recursive formulas, and Newton’s method.

Ivp
See Initial Value Problem

IVT
See Intermediate Value Theorem



EG!

Eupet Bgoup AP Calculus BC

Jump Discontinuity
Step Discontinuity

A discontinuity for which the graph steps or jumps from one connected piece of the graph to another. Formally,
it is a discontinuity for which the limits from the left and right both exist but are not equal to each other.

Al
s

dizeontinuity

L'Hopital's Rule
L'Hospital's Rule

0 +o0

A technigue used to evaluate limits of fractions that evaluate to the indeterminate expressions 0 and +o0 .
This is done by finding the limit of the derivatives of the numerator and denominator.

Note: Most limits involving other indeterminate expressions can be manipulated into fraction form so that
|'Hopital's rule can be used.

If f and g are differentiable on an open interval containing a such that g(x) # 0 for

L'Hopital's ) : L
. all x # a in the interval, and if either
Rule:
limn f{z) =0 lim g(x) =10
T—a and z—a '
lim f(r) =+ lim g(z) = +0c
Or T—a ’ and =—a
. f () ) ")
lim J - “I = lim fl" “I
Then T—a i I‘;,I"',I T—a {J I,x;]‘le
. 1—rcosz . sin COsST 1
Example: lim ——— = lim = lim — = —
am—si 372 a—si 2'1 o—si 2

Least Upper Bound of a Set
LUB

The smallest of all upper bounds of a set of numbers. For example, the least upper bound of the interval (5, 7)
is 7. The least upper bound of [5, 7] is also 7.
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Limit

The value that a function or expression approaches as the domain variable(s) approach a specific value. Limits

1
. . limn fi . xX=— .z . )
are written in the form -r—}}ﬂﬂ. For example, the limit of r xas x approaches 3 is 3. This is written
]jnil:é
A=y 3
Formal definitions:

1. lim f(x) =L if and ondy if for each £ > 0 there exdsts o § = 0 such tha
A=A
0 ::|.t—ﬂ|:::5==~[}’(.t}—£l::£.

E. lim fix) =eo if and only if for each W there exdsts a 8 » 0 sueh thar
A=A
D<|x-a|l<d= fix)=N.

3. lim f(x) = —eo if and ondy if for each M there exdsts o § = 0 sueh that
A=A
D<|x-a|l<d= fix)<N.

4. lim fix) =L if and ondy if for each £ = 0 there exdsts o number M sueh thar
J=m
s M=|fix)-I<e.

3. lm fix) =L if and only if for each & = 0 there exdsts a oumber M such that
J=+-m
YeM=|fix)-I<e.

6. lm Fix) =eo if and only if for each W there exdsts & number M such that
J=m
i=M=f(x)=N.

7. lim fix) =—eo if and ondy if for each N there exdsts o number M sueh that
J=m
i=M=f(x)«N.

g, lm fix) = oo if and ondy if for each M thers eadsts o oumber M such tha
J=+-m
TeM=f(x)=N.

9. lim f{x) =—oo if and only if for each M thers eadsts a sumber M such tha
J=+-m
TeM=f(x)«N.

Limit Comparison Test

A convergence test often used when the terms of a series are rational functions. Essentially, the test
determines whether a series is "about as good" as a "good" series or "about as bad" as a "bad" series. The
"good" or "bad" series is often a p—series.

& known positive seties Ky b, cam be vsed to test whether the positive series Ry i,
E e
romverges of diverges.

L, .
1. I El_} E =0, then E i, and E B, both comorerge of hokh divergs.

i,
i I Ell o 0 sl Eb,, roLvErges , then Eﬂ-ﬂ POLVENTES |

n
3 IE].imﬂ—"’—ms.nd?b diwerges, then % @, diverges
T e b s raes, s raes.

4. Otherwise, the test iz ineonelusive.
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Limit from the Left
Limit from Below
Lim l = —ca
A one-sided limit which, in the example =" x , restricts x such that x< 0.

In general, a limit from the left restricts the domain variable to values less than the number the domain variable

approaches. When a limit is taken from the left it is written oy ‘rmor .urli"fm.

1 1
lim — = —eo -
For example, "= x since Xtends toward —© as x gets closer and closer to 0 from the left.
Formal Defindtions:
1. lm f(x) =L if and ondy if for each & =0 there exdstz o 8 = 0 such that
B ¥
a-dexea=|fi0)-L=e.
2. Um fix) =co df and ondy if for each IV there edsts & >0 sweh that
=
a—dzxca= fX)=N.
3. lm f(x) = —co if and only if Cor sach N there exdsts & & = 0 sueh rha
A=
a-dcxca= }’{'{} <N
Limit from the Right

Limit from Above

Hm — ==

A one-sided limit which, in the example =" x , restricts x such that x> 0.

In general, a limit from the right restricts domain variable to values greater than the number the domain variable

approaches. When a limit is taken from the right it is written by J1;mor -nl}ﬂﬂ.

1
lim —=m -
For example, = x since Xtends toward o as x gets closer and closer to 0 from the right.

Formal Defivitions:

1. lm Fx) — L f and only if for awch & = 0 thars adsts 2 =0 such thet
Jed

a<xca-d=|fix)-I<e.

& lim fir) =co f and onhy if for ewch W there exdstz o 8 = 0 such rhat
A=t
g«x=d-d=fix)=N.

3. lm Fir) = —ec if and oaly if foreach I thers sadotz & 6 = 0 sueh hat
A=t
i u-0= 1) <N

Limit Test for Divergence

A convergence test that uses the fact that the terms of a convergent series must have a limit of zero.

IF i &, does not exiot or B a, =0, the series % @, divergus.
M-m P ) e d

Otheryize Phe test is inconclusive,
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Bounds of Integration
Limits of Integration

b
f flz)dx
For the definite integral @ , the bounds (or limits) of integration are g and b.

Local Behavior

The appearance or properties of a function, graph, or geometric figure in the immediate neighborhood of a
particular point. Usually this refers to any appearance or property that becomes more apparent as you zoom in
on the point.

For example, as you zoom in to the graph of y= X at any point, the graph looks more and more like a line.
Thus we say that y = X is locally linear. We say this even though the graph is not actually a straight line.

Relative Maximum, Relative Max
Local Maximum, Local Max

The highest point in a particular section of a graph.

Note: The first derivative test and the second derivative test are common methods used to find maximum
values of a function.

Masdmum Velues &Y
of a Function
Flobel madmum

lowal mazdmum

f
- J

Relative Minimum, Relative Min
Local Minimum, Local Min

The lowest point in a particular section of a graph.

Note: The first derivative test and the second derivative test are common methods used to find minimum
values of a function.

Minimwm Velwes ¥ |
of a Funetion

\
{
¥

Flobel minimum
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Logarithmic Differentiation

y= (x 772143
A method for finding the derivative of functions such as y = X"~ and Vsl

Example 1: ¥= o

First: take the In of both sides and sim plify.
my=nx™" ={sny)nx)
Then take the derivatiwe of both zides.

l}" =(cos x)iln x) + (sin t:l[l]
¥ X
Howr zolve for ¥ and simplify.

Y=y [(cus Al x) +

sinx ]

Vo= x’i""'[l:-:cus x)n )+ s ]

X

T
- x4l

First take the In of both sides amd simplify.

ny=n (x =TF42x+3
LT

Example I: ¥

S+l

=5Infx -7+ ;ll.ul:ﬂx +3:|—é].u|:.t +1)
Then take the derivative of both sides .
1 ] 1_ 2

Huow solve for ¥ and simplifyr.

r 5 1 1
¢ + _
Y=y -7 2x+3 6(x+1)

_(x_?j*‘M[ 5,1 1 ]
T i+l |x-7 2x+3 6lx+1)

Logistic Growth

A model for a quantity that increases quickly at first and then more slowly as the quantity approaches an upper
limit. This model is used for such phenomena as the increasing use of a new technology, spread of a disease,
or saturation of a market (sales).

N&

+ _ -t
The eqguation for the logistic model is M:' [K MJ)E . Here, tis time, N stands for the amount at time
t, \, is the initial amount (at time 0), A’is the maximum amount that can be sustained, and ris the rate of
growth when Nis very small compared to K

an
_=rN[1_E]
dr X

Note: The logistic growth model can be obtained by solving the differential equation
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LUB
See Least Upper Bound of a Set

Model
Mathematical Model

An equation or a system of equations representing real-world phenomena. Models also represent patterns
found in graphs and/or data. Usually models are not exact matches the objects or behavior they represent. A
good model should capture the essential character of whatever is being modeled.

Maximize

To find the largest possible value.

Exmple: Mudmize (%) =4 —x°.

The Targest possible value of & — 10 is d.
This aeews when X =0 .

Maximum of a Function:

Either a relative (local) maximum or an absolute (global) maximum.

Mean Value Theorem

A major theorem of calculus that relates values of a function to a value of its derivative. Essentially the theorem
states that for a "nice" function, there is a tangent line parallel to any secant line.

Mesm Valug Theorem: I funstion [ is continuous on [, ] and differentisble
oL I:ﬂ.bjl, then there exdsts a number ¢ in I:::.b:l suih that

f®)-Fl@)

rer= bB-a

Y

slope of thy secant lime =

fB) -fia (B f(B))
b—a
The tangent line and

the zecant line are

parallel, so they have =
the same slope. y=r

“ re ™
slope of the tangent line = f'()

¥
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Mean Value Theorem for Integrals

A variation of the mean value theorem which guarantees that a continuous function has at least one point

where the function equals the average value of the function.

Iean Valne Theorem for Inbegrals

I function [ is continuows on [& B, then there exdists a

wvmber ¢ in [& B sk that f(5) =b—lﬂ-|':f(.t}fit.

Yh
The rectangle hos the same

area g5 the shaded region
voder the cure,

Mesh of a Partition
Norm of a Partition

The width of the largest sub—interval in a partition.

Example: Comnsider the partition {00, 0.2, 0.9, 1.1, 1.6, 2} of the interwal [0,2].

The sub-interwals are [0,0.2], [0.2,0.9], [0.9,1.1], [1.1,1.6], and [1.6,2].
The widest of these i< [0.2,09]. It has wilth =0.7.
Thus the mesh of the partition is 0.7.

Min/Max Theorem
See Extreme Value Theorem

Minimize
To find the smallest possible value.

Ezeample: Minimize f(x) = A3,

The smallest possible value of Y363
This ocurs when X =0.

Minimum of a Function

Either a relative (local) minimum or an absolute (global) minimum.
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Mode

The number that occurs the most often in a list.

Example: 5isthe mode of 2, 3, 3,4, 5,5, 5

Model
See Mathematical Model

Moment

A number indicating the degree to which a figure tends to balance on a given line (axis). A moment of zero
indicates perfect balance, and a large moment indicates a strong tendency to tip over.

Formally, the moment of a point P about a fixed axis is the mass of P times the distance from P to the axis.
For a figure, the moment is the cumulative sum of the moments of all the figure's points. This cumulative sum
is the same as the mass of the figure times the distance from the figure's center of mass to the fixed axis.

Note: This is similar to, but not the same as, the physics guantity known as moment of inertia.

1. Plame region bouwnded above by ¥ = f(.t]l, below by the w-eds, on the left by X =a, and on
the right by X =& . The demsity of the region is wniform [constant] and equals P-

n 1
M,=p[ af(x)ax M, =pf E[f[x)]" e
Mate: M i the moment ahout the yeode. M s the momenk about the m-ais.

2. Pline region bownded above by ¥ = Fx), below by ¥ = g(x), on the Left by ¥ =a, snd on
the right by X =B . The demsity of the region is wniform [onstant] and equals p .

M, = pfx[fl{.‘t]l - 3(1]]:111 M, =p :%[:[f[t:l]ﬂ —[glz.t:l:r :|:it

Hate: M iz the moment adavt the yoate. M i the momenk about the maedz,

Multivariable
Multivariate

An adjective describing any problem that uses more than one variable.

Multivariable Calculus
Multivariable Analysis
Vector Calculus

The use of calculus (limits, derivatives, and integrals) with two or more independent variables, or two or more
dependent variables. This can be thought of as the calculus of three dimensional figures.

Common elements of multivariable calculus include parametric equations, vectors, partial derivatives, multiple
integrals, line integrals, and surface integrals. Most of multivariable calculus is beyond the scope of this
website.
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MVT

See Mean Value Theorem

Neighborhood

A neighborhood of a number ais any open interval containing a. One common notation for a neighborhood of
ais {x: |x— al < 8}. Using interval notation this would be (a— 8, a + §).

Newton's Method

An iterative process using derivatives that can often (but not always) be used to find zeros of a differentiable
function. The basic idea is to start with an approximate guess for the zero, then use the formula below to turn
that guess into a better approximation. This process is repeated until, after only a few steps, the approximation
is extremely close to the actual value of the zero.

Note: In some circumstances, Newton's method backfires and gives successively worse and worse
approximations.

Hewton's method: To obtain sueeessive approximations
Ay, Xy, Xg, Xy, ... 0F azero, start with a guess Xy and wse

G
)

Example: e Hewton's method to approzamate 1‘:‘7 by
finding the positive zero of F{X) = P,

tosl Tt

2

)
Starting with X = 1.3, use X, 5 =X —xi
2x,
x -2 15 -2
X =.11—11 =13- =141a67
2y 2(15)
X, -2 141677 -2
PRI Ml WA Bt L ek R P}
2x, 2(14167)
After only two dterations, S2 = 14147 i aneurate to fow
decimal plages.

Norm of a Partition
See Mesh of a Partition

Normal
Perpendicular
Orthogonal

At a 90° angle. Note: Perpendicular lines have slopes that are negative reciprocals.

Example: Perpendicular Lines
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nth Degree Taylor Polynomial
See Taylor Polynomial

nth Derivative

The result of taking the derivative of the derivative of the derivative etc. of a function a total of 7 times. Written
d’y
F7(x) or ax®,

Note: F%(x) is the same thing as Ax).

nth Partial Sum

The sum of the first 7 terms of an infinite series.

1 1 1 1
Example: Forthe series 1 + — +—+ — 44 —5 + == ws hawe
4 9 16 n
1 partial sum 5 =1
1
Znd partial sum 5, =1+:

11
Frlpartial sum S, =1+ — + —
4 9

1 1 1
qtypartislsum S, =1+ —+—+ —

100
n-tuple
Coordinates / Ordered Pair / Ordered Triple
On the coordinate plane, the pair of numbers giving the location of a point (ordered pair). In three—dimensional

coordinates, the triple of numbers giving the location of a point (ordered triple). In n—dimensional space, a
sequence of n numbers written in parentheses.

Ordered pair: Two numbers written in the form (x, y).
Ordered triple: Three numbers written in the form (x, vy, z).

n—tuple: n numbers written in the form (xy, X, X3, . . ., Xp).

Oblate Spheroid

A flattened sphere. More formally, an oblate spheroid is a surface of revolution obtained by revolving an ellipse
about its minor axis.

Note: The earth is shaped like an oblate spheroid.

Shlake Hpheroid
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One-Sided Limit

Either a limit from the left or a limit from the right.

Operations on Functions
See Function Operations

Order of a Differential Equation

The number of the highest derivative in a differential equation. A differential equation of order 1 is called first
order, order 2 second order, etc.

Example: The differential equation y" + xy' — X’y = sin xis second order since the highest derivative is y"or the
second derivative.

Ordinary Differential Equation

A differential equation which does not include any partial derivatives.

Orthogonal
See Normal
p-series
LI SN SO SO
A series of the form 1 2" 37 n" " or #n" where p> 0. Often employed when using the comparison

test and the limit comparison test.

Note: The harmonic series is a p—series with p =1.

0 = p=l, the series diverges.
I 7= 1, the series eomverges.
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Parallel Cross Sections

The formula below gives the volume of a solid. A(x) is the formula for the area of parallel cross—sections over
the entire length of the solid.

Note: The disk method and the washer method are both derived from this formula.

Volume = f&AI:.’L':I dx

|AL1:}I
Alx) = the formula for the ares. of parallel
crogs-seetions ower the entire '
length of the solid.

Parameter (algebra)

The independent variable or variables in a set of parametric equations.

Hastem Farameters]
X =T;
y =2’ I
Y =r+l+1
y =25t 5 and
Z=454+7
Parametric Derivative Formulas
dy aly

The formulas for the first derivative Eand second derivative ri‘i_zof a parametrically defined curve are given
below.

__dy _dylar
Flope bt o ling =—=—""—
b ol Tl dy  dyfar

E(ﬂ] dxd’y dyd'x

dihdx/ _ at a* g ar*

dx dx’
= (5

i = Y
Beeond derivative =—3F =
dx

Parametric Equations

A system of equations with more than one dependent variable. Often parametric equations are used to
represent the position of a moving point.

x =41 -1°
Erxamples: ot repre sents & moving point on the -y plane.
¥y==
X=f+1+1
y =251t represents & plane in space.
LI=45+7
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Parametric Integral Formula
See Area Using Parametric Equations

Parametrize
To write in terms of parametric equations.

Example: The line x + y=2 can be parametrizedas x=1+ ¢ y=1- 1

Partial Fractions

The process of writing any proper rational expression as a sum of proper rational expressions. This method is
use in integration as shown below.

Note: Improper rational expressions can also be rewritten using partial fractions. You must, however, use
polynomial long division first before finding a partial fractions representation.

4x+1

Example 1: White —5——— using partial fractions.
-x-2
4x+1 4x+1 A E Alx-2)+Blx +1)
= =—4 =
Fox-2 (x+l(x=2) x4+l x-2 fx+1ix -2)

4y +1=Alx-2)+ Blx +1)

x=2 = 4.241=-A[0)+B3) = F-=3
x=-1 = 4(-1)+1=A(-3)+B(0) = A=

4x+1 1 3
Thus —5 = +
X —-x-2 x+1 x-2
) ) ) 4x+1
Example &: Tlse partisl fractions to fmi-r!— dx .
_'[_
4y +1 (
-rt -x-2 1[+1 x=-2 _

=Infx ++3m(x-2)+ C
]ll[l:.t +10x —_,:IB] +Corln{n+{x-2F+ C

Partial Sum of a Series

The sum of a finite number of terms of a series.

Partition of an Interval

A division of an interval into a finite number of sub—intervals. Specifically, the partition itself is the set of
endpoints of each of the sub—intervals.

Emmyle: 0,0.2,00, 1.1, 16, 2} iz & partiting of the interd [0,2].

The svbdnberwsls are [0,02], [0.2,00], [09,1.1], [1.1,16], =nd [16,2].
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Piecewise Continuous Function

A function made up of a finite number of continuous pieces. Piecewise continuous functions may not have
vertical asymptotes. In fact, the only possible types of discontinuities for a piecewise continuous function are

removable and step discontinuities.
y

Piegeyze Continusn:
Function

Pinching Theorem
See Sandwich Theorem
Squeeze Theorem

Polar Derivative Formulas

gy
The formula for the first derivative dx of a polar curve is given below.

ar
dy ——5inf + recos@
#Hlope of tangent line = — i —
X 2 onge —rsing
Pl

Polar Integral Formula
See Area Using Polar Coordinates

Positive Series

A series with terms that are all positive.

Power Rule

The formula for finding the derivative of a power of a variable.

d
Fowrer Rule: —ax =:l‘].1|:ﬂ'1
X
d
Examples: —a* =8’
edx
d _ 5
£ H ——j.‘ﬁs S
X h
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Power Series

A series which represents a function as a polynomial that goes on forever and has no highest power of x.

Fower ceries in X gsf'g[* =0, +0 1+ u:'!.t! + u:'gf 4o

Fower series in ¥ —a : Eﬁci[x —al =c, +q(r—a)+cy(x—al +o(x —af +-

x* 2 oxFoxt

. .I'_ - - - -
Example: e _E‘st!_l+x+2!+3!+4!+

Power Series Convergence

A theorem that states the three alternatives for the way a power series may converge.

Ome of the following statements 3= brwe for anr power series E{'ﬂl:.'hf - r!:[o:
1. Ecml:.t—ﬂ:[o comverges only for X =a.
2. Ecml:.t—ﬂ:[o comverges for all real values of X,

3. ?C‘HIII - ﬂ:fo comverges within a radive of converganee R and diverges ourside .
e
That is, the series comverges for [¥ —a < B and diverges for [v —al = R.

Product Rule
A formula for the derivative of the product of two functions.
Froduet Fule: Ii:.n']lr =1V’
Examples : %I:.ts:inx:l =1-5INX + XCOS X = 5INX + XCO5 X
%[:f'!"'tcm t] =2¢"tan x + e™zec’ x =f'!"'l:2 tam x + sec’ 'C]

d ) L
d—(x“ﬂ.-'1+1]=311-'1 +x+x=(l+x)2 1
N ;

=2a4l+x+ al

R
]
+
-
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Projectile Motion
Falling Bodies

A formula used to model the vertical motion of an object that is dropped, thrown straight up, or thrown straight

down.

Projectile Motion: ¥ =ﬁlﬂil'! + I+,
¥ = height
I = time
@ = apeeleration due to gravity
V, = initial veloeity
¥, = initial height

Example: Leslie, standing on top of a eliff, throws a rock wpwarls af 13 ftisee
Tom an intisl height of 50 feet. Siven @ = —32 f'ser?, how high is the rock
after 2 secomds?

Holuion: @ =-32, 1, =13, and ¥, =30, so after { seconds the height ¥, in
Toat, i
y=—16t" +15t +50 .

dfter £ =2 secomds, the height ic
¥y= —IEI:E)! + lﬁliﬂjl +50 = 64 +30+50 = 16 feet.

Prolate Spheroid

A stretched sphere shaped like a watermelon. Formally, a prolate spheroid is a surface of revolution obtained
by revolving an ellipse about its major axis.

Prolate Spheroil

Quotient Rule

A formula for the derivative of the quotient of two functions.

uwy  wv-ws
Zuotient Fule: —] = =
v v
Examples:
[ 1 =51 ] _ S(4x4+7)=(1-51)4  20x-35-4+201 39
4x+T7) (4x+77F B (4x+7F T (4x+77
i[smx ] _ctosx-cosX-sinx-(-sinx] cos®xesin®x 1 —sec®
dx \cos X, - cos z X - CDS! X - CDS! X - ’
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Radius of Convergence

The distance between the center of a power series' interval of convergence and its endpoints. If the series only
converges at a single point, the radius of convergence is 0. If the series converges over all real numbers, the
radius of convergence is <.

Example: The series {‘ (1 _3:[0 =|i_1[ _3)_'_ ('t _3)2 (1 _3:? (-‘[ —3T

s n 2 3 4
hos interval of comvergrence [2, 4], Thus the radivs of comvergence is 1.

Ratio Test
A convergence test used when terms of a series contain factorials and/or nth powers.

By

Compute 7 = lim
8 g

a

1. ¥ r =1, the series comrerges absolutely.
i I r =] [incluling = o], the series diverges.

3. Otherwise [7 =1 or the limit does ot exdst]
the kst iz dnsanalusive.

Rationalizing Substitutions

An integration method which is often useful when the integrand is a fraction including more than one kind of
e

root, such as 1+3x | A different type of rationalizing substitution can be used to work with integrands such as
1

l+e"

Note: This method transforms the integrand into a rational function, hence the name rationalizing.

Emmple 1; Find J'% A

1

Lot =57 = %% 5o 0 =3 . Thet mesws 6u° G =dx .
;

S i .
dx = -G du
.|-1+§ﬁ ' -r1+1.',! "

Ga

=J' = & [uwe polymomial long division)
1+

6
=_|'[ﬁ;uf —6u' +6u’ -6+ —| du

+U

5] 5] -
=?u? —Eus +0 _fusdtan T u 4 C

6 2 g & L L !
=?1£E —E.ts +24% 615 46 as 4 C
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Exmple 2: Find J‘ elx.

l+e”

. l
Lemu=1+e", 50 hl(u—l]l:.t. That means — du =dx .

flan L
l+¢ wu-1
=_|'(—1 ——1] du [rartis] fratinms]
=1 u
=Inp -1 —Inpe| + Z
=].11u -1 +C
u
-1 f"l. P
=1In e +C or ].11( |']+C-
l+e +&7,
Reciprocal Rule
A formula for the derivative of the reciprocal of a function.
. [1] .
Reciprocal Fule: | —| = ——
v, v
Example [ 1 -]r 3x°
Hamples : =— .
! i -4, (x* —4-_]!

.
1 cos X 1 cosx
—| == = —cscxcot x
sin x, sin” x sinx sinx

Rectangular Form
See Cartesian Form

Related Rates

A class of problems in which rates of change are related by means of differentiation. Standard examples
include water dripping from a cone—shaped tank and a man’s shadow lengthening as he walks away from a

street lamp.

Example: & leakoy waker tamk is shaped like san wpside-down eome. The tank is 4 m higrh and the

bose has o rading of 2 m. Taker leaks ok b & rate of 0.1 I° A S, At what rare is
the height of the water in the tank dropping when the warer is 0.7 m deep?

"

Holurion:
ro 2 h
—=— o =—. Thus
R 4 ot
4 1 1 (hy? 1
h V::J‘[?’!.Pl =:J‘I{—] .PJI-=—:|'I:P:I-3
3 ERRNY 12
. 1 =
The equation ¥ =Fm gives a snapshot of che problem ar
one instant of time. _FTu:- show what happens as time mowes
d
Eorwrard, take E of both zides of the equation.
dv 1 7 d
— ==ml —  Gimp =07, r=—=035, — =113
dat 4 2
1 dn dh 015
-0.15 =—:r|:|:III.".’:|!—, 0 —=———g-4=-039m/zsec.
4 dr d  =m07f

The waker level is dropping ab about 0.39 meters per second.
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Local Maximum, Local Max
See Relative Maximum, Relative Max

Local Minimum, Local Min
See Relative Minimum, Relative Min

Remainder of a Series

The difference between the nth partial sum and the sum of a series.

) 1 1 1 1 1 . .
Example: Comsider ?—ﬂ=—+—+—+— — + The first fewr partial sums
=2 24 8 18 32
and remainders are
1 1 1 1 1
5=y R RETAETY
1 1 1 1 1
Sy =— +— =—t+—+—
o4 R AT
1 1 1 1 1
S =—+—+= =—+—
2 4 8 6 32
The oth partisl sym o, and oth remainder K, are thus
1 1 1 1 1 1 1
Sﬂ=1—+z+g+---+:ﬁ R”=TTJ+F+F+---

Removable Discontinuity
Hole

A hole in a graph. That is, a discontinuity that can be "repaired" by filling in a single point. In other words, a
removable discontinuity is a point at which a graph is not connected but can be made connected by filling in a

single point.

Formally, a removable discontinuity is one at which the limit of the function exists but does not equal the value

of the function at that point; this may be because the function does not exist at that point.

removabile
diseantinuitr
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Riemann Sum

a

An approximation of the definite integral J-rﬂ'ﬂm. This is accomplished in a three—step procedure.

1. Fartitiow the intervel [ﬂ. !?]. faleet o oumber from eack sob-imfervad, Let ©; e the aumber from
the ith interwal.

2. Draowr a pectangle over each sub-imterval. The width of each reckangle is the width of the sub-interral.
The height of esch rectamgls 3= F2).

3. Add up the areas of all the rectangles. This is the Fiemann sum.
0
Jﬂ{':'l (11 =X J+ Jﬂ{':'z :I{Iz -5 )+ Jﬂ{':'a I{-{s -1y 4o Jf[':'.o :"{-t.o - X = gﬁ f(':'.e.-:"{-t.e: - X )

»
Hote: The smaller the morm of the partition, the better the approzdmation of Lf(.t}:’it . In Fant,

_I-; flxax = Im Dg{ fledx,—x,.).

a o N iy
¥ %, 2 %

The shaded area is an approxdimation of the area below ¥ = Fix).
_|‘; Fixdr = Fleply —x )+ fledln —x )+ fleds —x)

Rolle's Theorem

A theorem of calculus that ensures the existence of a critical point between any two points on a "nice" function
that have the same y~value.

Rolle’s Theorem : I Funetion f s continwous on [ &, B] snd differenriable on (&, B, and if
fla) = Flb). then there exists a mumber ¢ in (@ B swehthar () =0.

Y4
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Root Test

A convergence test used when series terms contain nth powers.

Zompute T = ]ﬁl}ﬂﬂ.

1. T r =<1, the series comrerges absolutely.
i I r=][incluling r = o], the series diverges.

3. Otherwise [7 =1 or the limit does ot exdst]
the test is ineonelusive

Sandwich Theorem
Squeeze Theorem
Pinching Theorem

A theorem which allows the computation of the limit of an expression by trapping the expression between two
other expressions which have limits that are easier to compute.

Fine hing Theors m
I gix) = F(x) = hix) forall » ina deloted neighborhood of o and
lim g{xy =lirn A(x) = L., then i fix} =L. This ineludes the

possibility that L =<0 ar L =—ea,

__sinx
Example: Frove lim ——=0.

Jd=-m X

Hate the following:
—l=sinx=l

__sinx
Thus litn —— =0 by the pinching theorem.

J=sm Y

Scalar

Any real number, or any quantity that can be measured using a single real number. Temperature, length, and
mass are all scalars. A scalar is said to have magnitude but no direction. A quantity with both direction and
magnitude, such as force or velocity, is called a vector.
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Secant Line

A line which passes through at least two points of a curve. Note: If the two points are close together, the
secant line is nearly the same as a tangent line.

Heeant line of a cirele

Second Derivative

dly
The derivative of a derivative. Usually written #(x), dx* or y"

Example: Comsider f(x) = Sx* —x" 4 131 -B.

First deviwative: ' (X) =15%" 2% + 13
Havond deriverive:  FU(X) =301 -2

Second Derivative Test

A method for determining whether a critical point is a relative minimum or maximum.

Heeond Drerdvariwe Test:

1. I the seecond derdvative is pozitive ab a criticel point, then the point is a relakive
[oF absalute] minimum.

2. Ifthe second derivative ic megative at a eritical point, then the point iz a relakive
[or absolute] mazdmuim.

3. I the secand derdwarive iz 0 oF undefined, the test iz ineonelusive, The
inflection point could be & medimum, minimwm, oF neither. I this happens,
use the firek darivative sk,

Emmple: Comsiler y= X —3x+4.
Hote that ¥ =3%° =3 =3(x - 1)x + 1) omd ¥" =6 . The eritial
points are at (12 and (-L 6.

A0 (120 wefimd y* =6(1) =6, 50 (12) is a relative minimum.
A (=16 wefind ¥y =80 -1)= -6, s0 (=1 6) is a relative madmum.

Second Order Critical Point

A point on the graph of a function at which the second derivative is either 0 or undefined. A second order
critical point may or may not be an inflection point.

Note: The phrase second order critical pointis NOT in common usage among mathematicians or in textbooks.
Nevertheless, it is a useful name for a type of point which otherwise has no name.
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Second Order Differential Equation

An ordinary differential equation of order 2. That is, a differential equation in which the highest derivative is a
second derivative.

Separable Differential Equation

A first order ordinary differential equation which can be solved by separating all occurrences of the two
variables on either side of the equal sign and then integrating.

dy o
ol
o s
dx ¥

yay = x*dx

X
Example: —
¥

Holution:

Sequence

A list of numbers set apart by commas, suchas 1, 3,5, 7, . ..

Sequence of Partial Sums

The sequence of nth partial sums of a series.

1 1 1 1
Example: F-:-rtheseries1+I+—+—+---+—2+---1.'.rehave

9 l& "
Lst partial sym 5 =1

1
Znd partial sum &, =1 +I

1 1
Il partial swm 35 =1+ —+ —
4 9
1 1 1
b patisl sum &, =l 4 — +—+ —
4 9 15
gk,
Series
The sum of the terms of a sequence. For example, the series for the sequence 1, 3, 5,7, 9, ..., 131, 133 s

thesum1+3+5+7+9+ ...+ 131 + 133.
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Series Rules

Algebra rules for convergent series are given below.

I E i, and Eb"’ are toLvergelt series, then

1. ?'f'ﬂ,u it comverde D and Emn =-:‘§‘lr @®,.

L

3.

L7

I[ﬂ"J +bn:l is eoEverge Dt and El[ﬂ"’ +b-°:l=Eﬂ-"+E-b-°'

3.

(N

I{ﬂ"J —b,) is convergent snl E(ﬂ"’ -B,)= Eﬂ" —E_bﬂ.

Shell Method
See Cylindrical Shell Method

Sigma Notation
Continued Sum

A notation using the Greek letter sigma () that allows a long sum to be written compactly.

100
Exsmple: N =3+ 4 45 46 4+ 41007
o=

Simple Closed Curve

A connected curve that does not cross itself and ends at the same point where it begins. Examples are circles,
ellipses, and polygons.

Note: Despite the name "curve", a simple closed curve does not actually have to curve.

Simple Harmonic Motion
SHM

Any kind of periodic motion that can be modeled using a sinusoid. That is, motion that can be approximately or
exactly described using a sine or cosine function. Examples include the swinging back and forth of a

pendulum and the bobbing up and down of a mass hanging from a spring.

prendulum
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Simpson's Rule

A
A method for approximating a definite integral Lﬂ'ﬂmusing parabolic approximations of /. The parabolas are
drawn as shown below.

To use Simpson's rule follow these two steps:

Slope of a Curve

1. Partition [a,2] into the set {3, %, Xg, X, ..., Tb 50 that there sre 71 sub-intervals of equsl
width, whete 71 iz an even nmumber.

P
2. The approxdmate walue of the integral Lf{\.']l:i"t iz given below. The wadth AX of each
b—a

sub-interral iz giwen by Ay =

_I-; fixydx = %[ Fln )+ ap(x e 2f (g )+ 4f )+ 2 (g )+ 47 (xy )+ (3,

The formula is obtained b finding the sum of the areas under parabolic approximations of the graph as
ilustraked. Lorgrer walues of @ result in better approzimetions. Hote: #@impzon’s rile generally gives a
better approzdmation than the trapezoid Fule.

Y4

=i
¥y ¢ N R - b X
X marh sub-interal has Ay
width Ax

The shaded ares bommded Dor the parabolas [the thicker ewrves] is approzdmakely equal
o the area bovaded by ¥ = L)

"' A
S = S [F0) +47 () +27(5) + 47 () + Fx)]

A number which is used to indicate the steepness of a curve at a particular point. The slope of a curve at a
point is defined to be the slope of the tangent line. Thus the slope of a curve at a point is found using the

derivative.

Esxam ple: Find the shope of y = £ a |:3 E'II.

fince Y =2X, theslopeof y= X° at (39) &
Yi3)=2(3)=6.
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Solid
Geometric Solid
Solid Geometric Figure

The collective term for all bounded three—dimensional geometric figures. This includes polyhedra, pyramids,
prisms, cylinders, cones, spheres, ellipsoids, etc.

Solid of Revolution

A solid that is obtained by rotating a plane figure in space about an axis coplanar to the figure. The axis may
not intersect the figure.

The shaded region iz
revalved about the p-azds.

This eone, & s0lid of revolution,
iz the resudt.

Solve Analytically

Use algebraic and/or numeric methods as the main technique for solving a math problem. Usually when a
problem is solved analytically, no graphing calculator is used.

Solve Graphically

Use graphs and/or pictures as the main technique for solving a math problem. When a problem is solved
graphically, graphing calculators are commonly used.

Speed

Distance covered per unit of time. Speed is a nonnegative scalar. For motion in one dimension, such as on a
number line, speed is the absolute value of velocity. For motion in two or three dimensions, speed is the
magnitude of the velocity vector.
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Squeeze Theorem
See Sandwich Theorem

Step Discontinuity
See Jump Discontinuity

Substitution Method
See Integration by Substitution

Surface

A geometric figure in three dimensions excluding interior points, if any.

Surface Area of a Surface of Revolution

The formulas below give the surface area of a surface of revolution. The axis of rotation must be either the x—
axis or the y—axis. The curve being rotated can be defined using rectangular, polar, or parametric equations.

5
Rotation about the x-azds:  Suwface drea =L2:r|:)' dr
5
Rotation about the y-azds:  Suface drea =J-‘l:r|:t eds
A

In wither formula, 5 can be found b amy of the following:

dx or :’I.S‘:,l 1+{%:]! dy
I, In parametrie form, use @5 =1||[%J + [%]2 dt

dr
3. In polar Eorm, vse €05 = r2+(ﬁ] 48

ay\*
1. In rectamgular form, vse G5 = 1+[:’i_]
X
T
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Surface of Revolution

A surface that is obtained by rotating a plane curve in space about an axis coplanar to the curve.

This swrfage of revolution is obtained by revolving
the graphoof ¥ =COS X aleowk the p-uds,

Tangent Line

A line that touches a curve at a point without crossing over. Formally, it is a line which intersects a
differentiable curve at a point where the slope of the curve equals the slope of the line.

Note: A line tangent to a circle is perpendicular to the radius to the point of tangency.

Taylor Polynomial
nth Degree Taylor Polynomial

An approximation of a function using terms from the function's Taylor series. An nth degree Taylor polynomial
uses all the Taylor series terms up to and including the term using the nth derivative.

nth degres Taylor polynomisl

8 i
%ﬁxgﬂ} (x-af

=fi@) + Fla)(x-a) +%(|ﬂ}|:x —af+ ;‘fﬂ}[x —af 4o +%h —af
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Taylor Series

The power series in x —a for a function 7. Note: If a = 0 the series is called a Maclaurin series.

Taylor series:

zmh —a)’

k!

[
=f(a.j+f’(a.jl[x—a.:|+f. (x —af + ftj (x—-al + ‘rnmjt—af+

Taylor Series Remainder

A quantity that measures how accurately a Taylor polynomial estimates the sum of a Taylor series.

&)
Taylor series: Fia) + Fi@d{x —all+ f ( J jﬂ IFa fﬂ:l a)?_'_____'_fnfﬂji

Taylor pelymemizl: 20 + (ﬂjl{x —ajl+

el e -
Remainder: Rﬂl[tjl _w :[" ﬂ :[" e (ﬂj a:[cua .

(m+ 1)l r.t+3:|

)
(n+10

Detivative form of remainder: Rﬂ{tjl =

Ikegral form of emainder: R (x) = i_[:;f[”d:llitjl[x —I:[o it

Pappus’s Theorem
Theorem of Pappus

x—a) 4

) ;‘I@(I—ﬂ]’ +¥|{I_ﬂf4_ . @(I_ﬂ]ﬂ

III —a:[ml where Z iz a number hetween @ and X.

A method for finding the volume of a solid of revolution. The volume equals the product of the area of the

region being rotated times the distance traveled by the centroid of the region in one rotation.

Torus

A doughnut shape. Formally, a torus is a surface of revolution obtained by revolving (in three dimensional

space) a circle about a line which does not intersect the circle.

Tarus
Volume =20 R’
Surfare Ares = dar Br
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Trapezoid Rule

A
A method for approximating a definite integral Lﬂxmusing linear approximations of 7 The trapezoids are
drawn as shown below. The bases are vertical lines.

To use the trapezoid rule follow these two steps:

1. Partition [a,3] inko the set {3, X, Xg, A, .. A} 50 that there are 1 sub-intervals of epual width.

A
I, The imtegral L}’I{Ijr&t it extimated by adding the aress of a1l the trapezoids ac ilwstrated helowr,
b —a

The width AX of camh sub—interwsl i given br AX =

B!
Pl Ax X each sub-interral has X
[ findx = ) w2 +2f (g )2 f )+ e w2 flxgy )+ £(x,)] wilth AX
- The area of the trapezoids [shaded) approzdmately equals the area
bounded by ¥ = Flx).

Mate: The larmer the walue of @, the better the spprodimation. Alsa, Bimpeon’s il Fenersllr giwes o

better approzimation than the trapezoid ride. _[:}(-ﬂlﬂ - #[f(-‘n) +2F ) + 2000+ f(.tg)].

Trig Substitution

A method for computing integrals often used when the integrand contains expressions of the form g-xX, &+

Xoorx-4.

Expression | Substintien
a® —x° X =asing
a®+x° I =atand
g’ X =asec B
2 - 2 ]
) Xz X =2zna, \Ird-—.t =1.lr4—4sm 8 =2cos8
Expample; Iﬁ‘“
4-x dx = "cos 840
x 4zin*\
_|‘ i =_|‘ 2cos Bd8
\'"4—_12 lcosB
=4_|‘sm“aeia
l—cos28
=4_|'#:1’.E

= Z[B—:lsi.uiﬂ] +C

=78 -2sinfAcos B +

= zsurl[i] -1 [1] [ m] +C

o o o

a1 '
= 251’.11'1(1] —I_l—.w'd- P

u-Substitution
See Integration by Substitution
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Uniform

All the same or all in the same manner; constant.

Vector Calculus
See Multivariable Calculus

Velocity

The rate of change of the position of an object. For motion in one dimension, such as along the number line,
velocity is a scalar. For motion in two dimensions or through three—dimensional space, velocity is a vector.

Volume

The total amount of space enclosed in a solid.

For the following tables,
h = height of solid s = slant height

| = length of solid B = area of the base
w = width of solid R = radius of the base

Figure Volume

Box (also called rectangular
parallelepiped, right Iwh
rectangular prism)

Prism Bh
. 1
Pyramid EBh
Right Pyramid %Bh
Cylinder Bh
Right Cylinder Bh
Right Circular Cylinder TAh
1
Cone —Bh
3
. . 1 2
Right Circular Cone E?TR h

73

P = perimeter or circumference of the base

Lateral Surface
Area

2lh + 2wh

Ph

Ph

21Rh

TTAS or

TR\ R? 4+ h2

r = radius of sphere
a = length of an edge

Area of the
Base(s)

2lw

2B

2B

28

2mR?

Total Surface Area

2lw + 2lh + 2wh

Ph + 2B

1
B+ —Ps
T 2

Ph + 2B

21Rh + 21R?

nRs + 1R? or
TRV R2+ h?2 + wR?
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Figure

Sphere

Regular Tetrahedron

Cube (regular hexahedron)

Regular Octahedron

Regular Dodecahedron

Regular Icosahedron

Volume by Parallel Cross Sections
See Parallel Cross Sections

Washer
Annulus

The region between two concentric circles which have different radii.

Washer Method

Anmulus

R = radivs of Jarger circle
T = radins of smaller rirele

Area =:r|:(f —:'"2]

Volume

Total Surface Area

4 }r-rz

a®v3
6a’

2a%V'3
3a2\/25 + 105

5a’ V’E

A technigue for finding the volume of a solid of revolution. The washer method is a generalized version of the
disk method. Both the washer and disk methods are specific cases of volume by parallel cross—sections.

olume = ﬁ?ﬂﬁf{ﬂ]ﬂ —[3{-’[}']2 l dx

wms of rotation

¥
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Work

The physics term for the amount of energy required to move an object over a given path subject to a given
force.

N
Work =Lf[.t Jex, where (1) = the fore sctineg in the direction of or apposite to Movement.

a
ar J:fl:x:l ~dx, where £{X) = the vector function for forve asting at the vector-walued point X .
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