COMBINATORIAL OBJECTS FOR ¢-EXPONENTIAL FUNCTIONS

HEESUNG SHIN

ABSTRACT. There are eq and E,; as g-analogues of exponential function. We introduce a
third g-exponential function &; which is closely related to the Askey-Wilson operators. We
survey some properties of £&. There is the well-known identity related to the &, function
and the ¢-Hermite polynomials H, (z|q), i.e.

2. 2 > qn2/4tn
(@174 )oo&q(a5t) = : Hy(xl|q).
n=0 (qa q)"
We define the combinatorial objects and the map on them which prove the previous identity

combinatorially.

1. PRELIMINARIES

For complex number a and ¢, |¢| < 1, let (a;q), = Z;é (1—ag®) for the g-shifted factorials.
We use the standard notations for the g-binomial coefficients

[k]:w(q(f)@ ner

and for the g-basic hypergeometric series

a1,a2,. .., a0 2. (a1,a9, ..., 0r5q)n a7 14s—r
T(I)S |: ) ) 9 ,q,z] _ Z ) ) ) ) |:(_1>nq(2):| ZTL
s

bl7b27"'7b (q7b17b2;---abs§CI)n

n=0

where (a1,a2,...,a5;¢)n = (@1;¢)n(a2;¢)n - - - (ag; @)n-

2. ¢-EXPONENTIAL FUNCTIONS
There are two g-analogues e, and E,; of exponential function as follows:
" 1
(& (;U) = =
! 2 (@Ga)n  (T30)

n>0

Fw) = S = (a0

= (@)
By calculating easily, lim,_,;- eq(2(1 — q)) = lim,_;- Ey(z(1 — ¢)) = exp(z) and e4(z) -

E4,(—z) = 1. But two addition theorems for e, and Ej is false: eq(A + B) # e4(A)eq(B) and
Ey(A+ B) # Ey(A)Ey(B).
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Definition 2.1. &, is called a g-exponential function and sometimes a curly for short and
defined by

2. .2 ©  n2/4 n
(% ¢%) oo q o 871n¢>(_ (1-n)/2,i(¢+0) _ (1-n)/2,~i(¢—0). )
q0?; ¢?) (4:9) ¢ T A
9 (o] n=0 9 [o.¢]

Sq(li,y; Oé) = (

where = cos 6, y = cos ¢. Denote &;(x; ) = E(x,0; ) (See [2, 5, 10])
Proposition 2.2. The &, function have the addition theorem
Eq(w,y; ) = g3 0)Eq(y; ).
This is a q-analogue of exp(a(xz+y)) = exp(ax) exp(ay). Thus, it is symmetric as Eq(z,y; o) =
Eq(y, x5 )
Different proofs of this relation were given in [4, 5]. This g-exponential function satisfies

the followings:

(1) qlir{l_ Eq(x; 12;qoz) = exp(ax)

(2) &(z; @) is a g-analogue of exp(ax) but is not symmetric in z and o.

1—
(8) lm &(e,y;—5—a) = explalx +y))
q—1=

(4) &y(z,y; «) is a g-analogue of exp(a(z + y)), symmetric in = and y.
Theorem 2.3 (Ismail & Zhang, 1994). The generating function for the continuous q-Hermite
polynomials H,(x|q) is

o n2/4tn
t2: 3oy (2 1) =

n=0

which is obtained in [2] and discussed in [3, 4, 5]

Hy(zlq)

3. ¢-HERMITE POLYNOMIALS

Definition 3.1. The g-Hermite polynomials H,(x|q) is defined by

— Hn(z]g) -
H(z,r) = g ° r’t = 1 — 2zrgh 4+ r2¢?%)~1
(@) = (G Dn ,EO( )

As usual, H,(z|q) = H,(x) = H,, for short.

n

1 .
(i) (re= 1) and H,(cosf|q) = Z [Z] el?F=)% are found in [1, 3, 8].
o0 o) =0 q

Now, we shall construct the objects for g-Hermite polynomials using the recurrence relation.
In other words, we shall make the set H,, such that H,(z|q) = > qepy, w(G).

H(cosO,r) =

Proposition 3.2. The q-Hermite Polynomials H,(x) satisfies the following recurrence rela-
tion:

{Hn(x) = 12an_1(x) +(¢" ' —1)H, 2(x) forn>2 (3.1)

Hy(x) Hy(x) =2x
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FiGURE 1. Example of Hy

We define the set H,, of graphs with vertex set {1,2,...,n} for ¢-Hermite polynomials. By
the recurrence (3.1) of Hy(z), H, is the disjoint union of two sets; the one is the pairs of
H,,—1 and one vertex n with the weight a(= 2x) and H,,—2 and the other one is the pairs of
H,_2 and one edge (n — 1,n) with the weight ¢"~! — 1. Hence vertices of these graphs are
zero or one and edges are adjacent. The weights of the vertex is a with degree zero and 1
withe degree one. The weights of the edges (i,7 + 1) is ¢* — 1. In the sequel, as figure 1, the
set H,, of graphs and the weight function w is defined by

H, = {G=(V,E):V =[n],EC E,,deg(v) <1,Yv eV}

w(G@) = H ot~ des(v) H w(e)

veV(Q) e€E(G)

where E,, = {(i,i+1):i=1,...,n— 1} and w(e) = ¢ — 1 for e = (i,i+1). Thus, H,(x|q) =
Y cen, W(G). As usual, H = {J,5o Ha-

4. COMBINATORIAL OBEJECTS

Recall the theorem of Ismail and Zhang.

0 n?/4in
2. 2 q"
qt*; ¢% )&y t) =

(05 4 )eoal:0) ,;) (4:0)n

Dividing both sides by (#?;¢*)oo and comparing only the coefficients of t*™ and t>"*! with
some calculation using the definition of &£;, we obtain two identities

H,(z|q)

m—1 m

m
H ((q2k+1 _ 1) + a2q2k+1) x|q) [7,:| (4.1)
k=0 i=0 v
- m i24i |
o H 2k+2 + a2 2k+2) — Z +1 H21+1(m|q) 2+ |:Z:| (4.2)
i—0 q;49 q?

where a = 2x. In this paper, we aim to prove above identities. First of all, let us find a
combinatorial proof of the identity (4.1).
Let F,(or G,) be the right(or left)-hand side of (4.1) respectively, i.e.

_ (4;q ) . m

fn = ,; (@ @) e [i]qz
m—1

Gn — (( 2k+1 1) —|—042 2k+1)
kl;[o q

We shall prove F;,, = G,, combinatorially. Since G, is a product, it has a simple recurrence

Gn+1 — Gn % ((q2n+1 _ 1)2 + a2q2n+1)‘
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FIGURE 2. Example of F5 3.

If we prove that for all n > 0,
Fop1 = Fux (g2 —1)% + a2g
= Fpx (1= @) 4+ @2+ — 1) + a2g2H)
then F,, = G,, for all n, since Fy = Gy = 1.

We define the set F,, of graphs with n vertices for F},. Since F}, is the sum of terms which
is product of three pieces, F, is the disjoint union of sets F,; whose elements are triple

2
(G,G',X). G is the combintorial objects for Ho;(z|q), G’ for ((q, q2))m and X for [m] . In
)i i
the sequel, as figure 2, the set F,, j of graphs is defined by
Foi={F=(G,G,X):G € Ha,G' = Vi, En;), X C Op,|X|=1i}
where
On = {1,3,....2n—1},
Vi = {20+1,2i+2,...,2n} and
Eni = {(20+1,2i+2),(20+3,2i+4),...,(2n—1,2n)}.
and a weight function w by

w(F) = w(@)w(G)w(X)

= H ot—deg(v) H w(e) H w(el)Hqi

veV(G) ecE(G) e'cE(G") i€X
where
w(e) = ¢ —1fore=(i,i+1) € E(G) and
w(e) = 1—-¢ fore =(i,i+1) € B(@).

As usual, F, = Uy<i<p Fni-

5. MAIN PROOF
We shall construct a weight-preserving bijection
U Foy1 — Fn x{a,b,c}
such that
w(F) =w(¥(F)), VF &€ Fnu
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where
2n+1 2n +2 2n+1
a = @----- ° 9 (CL) =
2n+1 2n+2 2n+1 2n+1
b - ) (b ( - 1)

2n+1 2n + 2

) =
c= @® e > w(c) =
If we make such ¥ map, then we get what we want as follows:
w(Fpt1) = w(Fp)w({a,b,c})
Fn+1 = F, x ((1 _ q2n+1) + q2n+1(q2n+1 _ 1) —i—OéQ 2n+1)
— Fn % ((q2n+1 _ 1)2 + a2q2n+1)
and Fy = Gy = 1; thus F,, = G, for all n > 0. Now, we make the ¥ map.
e Case 1: 2n+ 1€ X

2n+1 2

2n 2n+12n+42
®----0 ®----0 ®----0 ®----0

2n
®----0 ®----0 ®----0

2n+12n + 2
®----0
a

e Case 2: 2n+ 1 € X and deg(2k) = 1 where 2k = V(G)

2k 2n 2n+12n+2
o—o | o0 o---0 @o
2k 2n 2n+12n +2
v .-
N o----0¢ o ---®6 o----0 @—0
b
2n + 1 2n + i n+12n+2
Especially, @_.2‘ — Hz@_.
b

Lemma 5.1 (Weight-sum of some graphs).

21 2742 2n 2n+12n+4 2

wl ... e ° o—\—o e e ° °
21 2142 2n 2n+12n+4 2

+ w| ... e | e e e -+ o | o----0
2 2+ 2 o2n 2n+12n+2

= wl ... e ®----0 e - o ° °

e Case 3: 2n+ 1 € X and deg(2k) = 0 where 2k = V(G) by using Lemma 5.1.

2i+1 2n 2n+12n+2
e o—9o o—9o o+ o |
e o—9o o—9o o |(®---0 |
e o—9 o | eo--0 (®---0 |
e o | e---0 o---0 (@---0 |
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21+ 1 2n 2n+12n+ 2
= - e e—e eo—eo oH{® o (a

21+ 1 2n 2n+12n + 2
= e o—9o ot} o--0|(® o (a)+(b)
e oo o o---0|(@®---0 ()
| @ o eo----06 o---0 | (®---0 (d)
21+ 1 2n 2n+12n+2
= e ot} o -0 o--0|(@® o (a)+(b)+(c)
| @ o eo----06 o---0 | (®---0 (d)
2141 2n 2n+12n+2
:\I/> | ®----0 ®----0 o- |@ ° (a)+(b)+(c)+(d)

We construct the map W, but it is not a bijection. However, it is a weight-preserving
surjective map, in the other sense,

> w(F) =w(F,0)

W (F")=(F,9)
for all (F, ) € F,, x {a,b,c}. Therefore,
w(¥YF,6)) = w(F, ).
So there is no problem using the map . Finally, we get F,, = G, for all n > 0 combinatorially.

Theorem 5.2. The following identity (4.1) has a combinatorial interpretation.

m—1 m m

| | ((q2k+1 _ 1)2 2 2k+1 E : HQ’L x|q) ‘
(a;q L2

k=0 i=0 q

where o = 2x.

6. FURTHER STUDY

The other equation (4.2) could be proved similarly combinatorially with o = 2z.

o H 2K+2 )2 4 202042 = Z (¢; q2)m+1H 1(zg) 244 {m]
! L (g @i P

If so, how to prove the identity of Ismail and Zhang combinatorially?

oo qn2/4tn

(qt?; 4%)ocEq(m3t) = Hy(x]q)

= (¢

Can we find more combinatorial properties of & (z;t) and then interpret them combinatori-
ally?
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