Combinatorial Objects for g-exponential
Functions

Heesung Shin

Combinatorics Lab.
Department of Mathematics
Korea Advanced Institute of Science and Technology

August 8, 2005



Preliminaries Motivation Main Result Summary

00000 0000000000 00000000 (e}
000000000 000000000

Outline

© Preliminaries
@ Notation

9 Motivation
@ g-Exponential Functions
@ (g-Hermite Polynomials

e Main Result
@ Interpretation
@ Main Proof

KAIST

2005.8.8 Combinatorial Objects for g-exponential Functions (2 / 55) H. Shin



Preliminaries Motivation Main Result Summary
@0000 0000000000 00000000 [e]e]
000000000 000000000

Outline

e Preliminaries
@ Notation

KAIST

2005.8.8 Combinatorial Objects for g-exponential Functions (3 / 55) H. Shin



Preliminaries Motivation Main Result Summary
0e000 0000000000 00000000 [e]e]
000000000 000000000

g-analogue of n!

N = 14+1+1+---+1

g = 1+9+9*°+---+q"*

KAIST

2005.8.8 Combinatorial Objects for g-exponential Functions (4 / 55) H. Shin



Preliminaries Motivation Main Result Summary

[e] le]e]e} 0000000000 00000000 (e}
000000000 000000000

g-analogue of n!

N = 14+1+1+---+1

g = 1+9+9*°+---+q"*

KAIST

2005.8.8 Combinatorial Objects for g-exponential Functions (4 / 55) H. Shin



Preliminaries
00e00

Motivation Main Result
0000000000 00000000
000000000 000000000

g-Shifted Factorial

n—1

Summary
fole)

(@qn=(an = (1-a)(l—aq)---(1-agq" ") =]](1-aq"

(a1, ay, ..

2005.8.8

-'ar;Q)n = (al;Q)n(aZ;q)n "'(ar;Q)n

Combinatorial Objects for g-exponential Functions (5 / 55)

k=0

KAIST

H. Shin



n—1

k=0

Summary
fole)

KAIST

Preliminaries Motivation Main Result
g-Shifted Factorial
(@dh=(a)y = (1—a)(l—aq)---(1—aq" ") =]](1-aq"
(az,az, ..., ar;Q)n = (al;Q)n(aZ;q)n e (ar;Q)n
(@ =(a)h = [Mlg!(1—q)"
2005.8.8 Combinatorial Objects for g-exponential Functions (5 / 55)

H. Shin



Preliminaries
00e00

2005.8.8

(A = (1*3)(1faq)~~-(1—aqk)...

Motivation Main Result Summary
0000000000 00000000 [e]e}
000000000 000000000

g-Shifted Factorial

(@, = (1—a)(l—aq)---(1—aq"?) = H(l—aqk)

;Q)n = (al;Q)n(az;CI)n "'(ar;Q)n

(@)n = [ngl(1—q)"

(1—aqg¥)

I
]

X
Il
o

Qoo = (81;0)0(@2; U)oo -+ (Ar; Ao

KAIST

Combinatorial Objects for g-exponential Functions (5 / 55) H. Shin



Preliminaries Motivation Main Result Summary
000e0 0000000000 00000000 [e]e]
000000000 000000000

g-Binomial Coefficients

n nn—1)---(n—k +1)
(&)

KAIST

2005.8.8 Combinatorial Objects for g-exponential Functions (6 / 55) H. Shin



Preliminaries Motivation Main Result Summary
000e0 0000000000 00000000 [e]e]
000000000 000000000

g-Binomial Coefficients

(n) nn-1)---(n—k+1)

K Kl
n!
= Kn—kn "€Z
n [n]q!
[k]q = Kglh—kig' "7
()n
_ z
@@ " C

KAIST

2005.8.8 Combinatorial Objects for g-exponential Functions (6 / 55) H. Shin



Preliminaries Motivation Main Result Summary

[e]e]ee] } 0000000000 00000000 (e}
000000000 000000000

g-Basic Hypergeometric Series

D, [al,az,...,ar;qlz]

by, by, ..., bs

o0 (ar,az,...,ar;9)n e (®) Lrs—r
nZ_O(qyb]_,bz,___'bs;q)n [( 1) q } Z

KAIST

2005.8.8 Combinatorial Objects for g-exponential Functions (7 / 55) H. Shin



Preliminaries Motivation Main Result

00000 9000000000 00000000
000000000 000000000

Outline

e Motivation
@ g-Exponential Functions

2005.8.8 Combinatorial Objects for g-exponential Functions (8 / 55)

Summary
oo

KAIST

H. Shin



Preliminaries

00000
exp(x)
eq(x)
Eq(x)
2005.8.8

Motivation Main Result
O@00000000 00000000
000000000 000000000

Exponential Function

n>0
x"N 1
né)(q;q}n T (X%
X" _
éq (0 d)n (=% Qo

Combinatorial Objects for g-exponential Functions (9 / 55)

Summary
oo

KAIST

H. Shin



Preliminaries Motivation Main Result

00000 O@00000000 00000000
000000000 000000000

Exponential Function

expix) = Y
n>0
x"N 1
Galx) = n;(q;q)nf(x;q)oo

B = Y a® X~ (xiq).
q é (9:q)n

q[rg eq(x(1—q)) :qin; Eq(x(1—q)) = exp(x)

eq(x)-Eq(—x) =1

2005.8.8 Combinatorial Objects for g-exponential Functions (9 / 55)

Summary
fole)

KAIST

H. Shin



Preliminaries Motivation Main Result
00000 0®00000000 00000000
000000000 000000000

Exponential Function

exp(x) = Y °

n!
n>0
x"N 1
Galx) = é(q;q)nf(x;q)m
B = 3 a0 X —(xq.
a n;, (9;9)n

q[rg eq(x(1—q)) :qin; Eq(x(1—q)) = exp(x)

eq(x)-Eq(—x) =1

But addition theorem for eq and Eq is false.

exp(A+B) = exp(A)exp(B)
eq(A+B) # eq(A)eq(B)
Eq(A+B) # Eq(A)Eq(B)
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g-analogue of exp(x(X +VY))

Definition (g-exponential function)

Q ¢, is called a g-exponential function and sometimes a
curly for short.

(0% 0)o0 g " /40"
(A0 9200 = (0: A)oo
x @ INb(_q(1-n)/2gi(b+8) _q(1-n)/2g—i(0=0). q)

Eq(X,Y; &) =

where X = cos 6, y = cos ¢.
Q &y(x; ) = Eq(x, 0; )
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@ &q4(X; «) is a g-analogue of exp(ax) but is not symmetric in
x and «.
1-q

@ lim &q(x,y;

o 5 o) = exp(x(X +Y))
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g-analogue of the Addition Theorem

Proposition (Addition Theorem for &)

Q &4(x,y;a) = Eqly, X; )
Q &q(x,y; ) = Eq(x; x)Eq(Y; &)
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g-analogue of the Addition Theorem

Proposition (Addition Theorem for &)

Q &4(x,y;a) = Eqly, X; )
Q ECqlx,y; ) = Eq(x; o)Eqly; &)

Note. This is a g-analogue of the addition theorem

exp(a(x +y)) =exp(ax)exp(ay).
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Definition (g-exponential function)
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o q " «?/p?
272 | _q(1-n)/2gi(b+8) o / B, —q(1-N)/2e~i(0=0) o /3

Eq(x,y;x, B) =

;q,qe?®

where X = co0s 6, y = cos ¢.
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S —n 2/[32 q quicb
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Eq(x,y;x, B) =

where X = co0s 6, y = cos ¢.

1-q 1-—q
Note. qIl)m Eq(X,Y; > (X’T

B) = exp(ax + By)
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Properties of g-Exponential Function

Eq(X,y; «, B) satisfies the following simple properties:
Q &q(x,y; ) =Eq(X,Y; &)

Q &q(x,y;a B) =Eqly, X; B, )

Q &q(x,0;0, B) = EqlX; &)

Q &4(0,y; o, B) =Eqly; B)

Q Cqx,y:x B)Eq(z. Wiy, 8) = Eq(X,Z; &, v)Eqly, W; B, 5)
is a g-analogue of
exp(ox + By)exp(yz + dw) = exp(ax +yz) exp(py + dw)
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2. 42 ©  n?2/4 n
Eqlx,yio) = oA e 57 AT
(A0 9%)o0 = (4 Q)oo
x @ Ind(_q(l=n)/26i(6+0) _q(1=n)/26—i(6=0). oy
where X = c0s 6, y = cos ¢.
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Theorem (Ismail & Zhang, 1994)

(qt% 92%)eelq(X;t) =

© How to prove the previous identity combinatorially?
© What is the Hp(x|q)?
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Hermite Polynomials
o0
tn 1,
ZHn(x)m — exp(xtfét )
n=0
ni(—1)k ok
= Hy(x) = — X"
nx) Z 2Kk1(n — 2k)!
0<2k<n
= Ha(x) = Y x™@)(—1)oel)
o€lnvy
where Invy is the set of involutions on [n] ={1,2,...,n}.
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g-Hermite Polynomials

Definition (q-Hermite Polynomials)

o0

— Hn(xq) , K | 2.2k —1
H(x,r :E —r :||1—2xr +r
esn) — (A:q)n k:O( a )

Hn(x|q) is called a (continuous) g-Hermite Polynomials. As
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g-Hermite Polynomials

Definition (q-Hermite Polynomials)

H(x.r)zZ (q(fq')q) kH(l 21" +r2g%) 1
n=0 =0

Hn(x|q) is called a (continuous) g-Hermite Polynomials. As

Note.
1
H - :
® Hicosb.1) (rei®) o (re=19)
n n
_ i(2k—n)6
[2) Hn(coselq)—é[k]qe
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Recurrence Relation

Question. How to construct the objects for g-hermite
polynomials? In other words, is there 3, such that

a(xlg) = ) w(G

GeHy,
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Recurrence Relation

Question. How to construct the objects for g-hermite
polynomials? In other words, is there 3, such that

a(xlg) = ) w(G

GeHy,

Proposition

The g-Hermite Polynomials Hy,(x) satisfies the following:

{Hn(x)zsznl(x)—l—(q“ 1 1)H, »(x) forn>2
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H(x,rq)
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Proof of Proposition

= 1
H _ kK 1 r2q2k
I(:01 2xrgX +r4q

1 ﬁ 1
1—2xr +r2 el 2xrgk 4 r2q2«

T 0

(1 —2xr +r2)H(x,r)
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Proof of Proposition
By the definition,

= 1
Hix.r) = H K 1 r2g2k
I(:01—2xrq +r4q

o0

1 1
Tl —2xr +r2 kE[l 1 — 2xrgk +r2q2k

1
T Toaaqe
H(x,rq) = (1—2xr +r2)H(x,r)

By the comparison of coefficients of r"/(q)n_1,

q"Hn(xq) Hn(xIq) _
11(:1n - ]_n_qn — 2xHp_1(xI9) + (1 —g"H)Hy2(x)

Ha(xlg) = 2xHn_1(x]q) +(@""* — 1)Hp_2(x) forn > 2.
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Main Result

000 o

Examples

Let @ = 2x in the following.

Ho = 1

Hi = «

H, = a+q—-1

Hy = ala+q-1)+(9* —1)a
= (o® — o) +qa+qia

Hy = ofo® —a+qo+g?a)+(g° —1)(a+q—1)
= (®—20® —a+1)+q(e® - 1) +q*c® +q3(ax—1) +q*

and so on.
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Combinatorial Objects for g-Hermite Polynomials |
@ Recall the recurrence of Hy(x).

Hn(x) = 2xHp_1(x) + ("1 = 1)Hp_»(x) forn>2
Ho(x) =1, Hi(x)=2x

@ Define the set of graphs.

H o= |JH,

n>0
Hoa = {G=(V,E):V =[n],E CE, degv) <1,W eV}

where Ep ={(i,i+1):i=1,...,n—1}.
KAIST
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Combinatorial Objects for g-Hermite Polynomials Il

@ We assign a weight to the graph.

w(G)=w H w (v H w(e)

veV (G) ecE(G)

where w(e) =q' —1fore = (i,i + 1) and

wiv) = «(=2x) ifdegv) =0,
~lo if degv) = 1.

@ Thus, Hna(X|q) = 3_gege, W
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Calculation |
Recall the theorem of Ismail and Zhang.
o qn2/4»[n

T Hn(xla)
- ()

(qt?; %) lq(X;t) =

Dividing both sides by (t?; q?)s and then separating even and
odd powers, we obtain

i tzimnhl((q2k+1—1)2+4xzq2k+1) o S MH (xlq)

=, @dem L (2,9%)0 =, (@ A)om ="
©  2mil M o 1 & gmZ+mgam+1

2x +2 _1)2 4 4x2q%k+2) = H (xIq)
mzo(q Dzm 1 1;[0 d (202 &=, (@ amey 202

We think about only the coefficients of t>™ and t2M+1,

m
(9:9%)m m
H AL 1)2 4 gx2q2ktl) = Z Hai (x19)q [ _ ] ,
K= i (g;q ) I lq
m—1 m . m
H U2 1)2 4 gx2q2k+2) Z m-+1 H2,+1(x|q) i24i [ ] , KAIST
k=0 i=0 I'ia
2005.8.8 Combinatorial Objects for g-exponential Functions (29 / 55) H. Shin
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Calculation Il

Let o = 2x.
m—1 u
ki1 2%k+1y (@:9%)m m
I<1:I()((q D+ o) g (gig2); 2 X0 [i]qz @
) ) v (@0)na g [m
sty = § e 7], @
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Objectives

Let Fn(or Gy) be the right(or left)-hand side of (1) respectively,

i.e.
o (9:9)m m
o = X gy, a0 il
m—1
Gn _ ((q2k+1 ) 2q2k+1)
11

We will prove F,, = G, combinatorially.
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Methods

Since Gy, is a product, it has a simple recurrence.

Gns1 = Gn x (9”1 —1)% + o®q*"")
If we prove thatforalln > 0
Frpr = Fox (" =12+ o™

— Fn « ((1 q2n+l) q2n+1(q2n+1 ) 2q2n+1)

then F, = G, for all n, since Fg = Gg = 1.

KAIST
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Combinatorial Objects for F,

@ Define the set of graphs.

«rfrn = U -{-Trn,k
k>0

FInk = {F=(G,G' X):
G € Hok, G" = (Vnk, Enk), X C Op, IX| =k}

O, = {1,3,...,2n—-1},
Vok = {2k+1,2k+2,...,2n} and
Enk = {(2k+1,2k +2),(2k +3,2k +4),..., (2n—1,2n)}.
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Example of Objects for F,

Example. n=10and k =3
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Example of Objects for F,

Example. n=10and k =3

1 2 3 4 5 6 7 8 9 10
e o—o o—9o o o-----0 o ----- °
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Example of Objects for F,

Example. n=10and k =3

X ={3,5,9}
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Weights of Objects for Fy |

@ We assign a weight to the graph.

w(F)=w(GWw(Gw(X)= [] wiv) T wie) ] weh]Jwi)

VEV (G) ecE(G) e’€E(G") ieX
where
wiv) = (= 2x) !fdeg3(v):0,
0 if degz(v) =1,

w(e) = g —1fore={(i,i+1) € E(G)and
w(e') = 1—qg'fore’=(i,i+1) € E(G),
w(i) = g forieX.
KAIST
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Weights of Objects for Fy Il

@ We evaluate the weight sum for J, k.

Fok = Hox X Gnk X Xnk
> w(G) = FHalxla)

GeH oy
Z W(G/) — (l_q2k+1)(1_q2k+3)‘_.(1_q2n71)
G’€%nk
_ 2k+1. 42 _ (9;9%)n
@758k = g, q7),
. k2 n
>owo) = o]
Xexn,k
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Weights of Objects for F,, I

= Y Ww(F) = Y w(G) ) wG) ) w(X)

Fegjn’k GeH ok G/egnk xexn,k
_ (a;d%)n n
= Sl oz [ ]
- F,

Therefore, F,, = Z w(F
Fed
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Example of Objects for F,

Example. n=10and k =3

X =1{3,5,9}

KAIST

2005.8.8 Combinatorial Objects for g-exponential Functions (38 / 55) H. Shin



Preliminaries Motivation Main Result Summary

00000 0000000000 0000000 (e}
000000000 000000000

Example of Objects for F,

Example. n=10and k =3

KAIST

2005.8.8 Combinatorial Objects for g-exponential Functions (38 / 55) H. Shin



Preliminaries Motivation Main Result Summary
00000 0000000000 00000000 0o
000000000 ©00000000

Outline

e Main Result

@ Main Proof
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Construct the Map V¥ |

@ We will construct a weight-preserving bijection

W:g:’n+1—>.(}~n X{a,b,C}

such that
w(F)=w(¥(F)), VF e
where
a= el wl@=1—g>
h— s e . w(b) = q2n+1(QZn+1
o= T T wie) =g

2005.8.8 Combinatorial Objects for g-exponential Functions (40 / 55)
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00000

Summary
Construct the Map V¥ II
@ If such V¥ exists, then we get a result that we want.
W(Fni1) = w(Fa)w({a b,c})
Fn+1 = Fp x ((1 . q2n+l) +q2n+1(q2n+l ) 2q2n+1)
_ Fn % ((quH—l ) 2q2n+1)
Therefore, F, = G, for all n > 0, since Fg = Gg = 1.
KAIST
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Case 1

2n+1¢X

2n 2n+1 2n+2
o----0 o----0 ®----@ o----0
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Case 1

2n+1¢X

2n 2n+1 2n+2
o----0 o----0 ®----@ o----0

2n 2n+1 2n+2

Yo v | @----@¢ @----06 eo---0 | 0----0
a
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Case 2

2n+1 € X and deg2k) = 1 where 2k =V (G)

2k 2n 2n+1 2n+2
9o | o---0 o---0 @o
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O00e00000

Case 2

2n+1 € X and deg2k) = 1 where 2k =V (G)

2k
*——o
2k
v R
e L4 L

2n 2n+1 2n+2

o----0 o---0 @o
2n 2n+1 2n+2
o0 o---0 |(o—o

b
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Case 2

2n+1 € X and deg2k) = 1 where 2k =V (G)

2k 2n 2n+1 2n+2
9o | o---0 o---0 @o
2k 2n 2n+1 2n+2
_— [ J [ J [ J ([ ] [ J [ J
2n+1 2n+2 W 2n+1 2n+42
——

Especially, e @_.

(o—e
b
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Lemma

n

q(i+1)2(q2i+2 —1)+ [i ]qz q' (1— q2n+1)

n

(i+1)2(q2n—2i 1)+ [i

|
o

o0

:|q2 qi2(1 . q2n+1)

(1 o q2i+1)

o)

I
—
-5 -
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Graphical Representation of Lemma

2i 2i+2 2n 2n+1 2n+2
Wil ... e e .—\—o - e | e e

2i 2i+2 2n 2n+1 2n+2
+ W ° ‘ e o o - o | eo---0

2i 2i+2 2n 2n+1 2n+2
= W ° ‘ -6 o - o | e o
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2n+1 € X and deg2k) = 0 where 2k =V (G)

2i +1
[ ]

2n

2n+1 2n+2

©®
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Case 3

2n+1 € X and deg2k) = 0 where 2k =V (G)

2i+1 2n 2n+1 2n+2

e o—9o o—9o (o o

e o—9o o—9o o |(®---0 |

e o—9 o | eo---0 (@®---0 |

e o | e--0 o---0 (@®---0 |

2i +1 2n 2n+1 2n+2
= -+ e e—e eo—eo o{f® o @

®---e O
@---. ©
© o

(d)

1
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Case 3

2i+1 2n 2n+1 2n+2
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Case 3

2i+1 2n 2n+1 2n+2

== ... e —o oo ---0 | (® o @+(b)
- e e e e----0 | (@®---0 ©

| @ o e---¢ eo---0 |(®---0 @
2i+1 2n 2n+1 2n+2
> ... ) ._'_._-.-. ®----0 | @ o (a)+(b)+(c)
] e e e----e e----0 | (®---0 C)
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Case 3

2i+1 2n 2n+1 2n+2

o o—9o oo ---0|(® o
e o|eo o o---0|(@®---0

o----0 o---0 | (@®---0

2i+1 2n 2n+1 2n+2

e o | eo---0 o---0|(® o

o----0 o---0 | (@®---0

2i4+1 2n 2n+1 2n+2
| ®----@ o----0 o0 | (® o
C
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(a)+(b)
(©
(d)

(a)+(b)+(c)
(d)
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Conclusions

@ We construct map V¥, but it is not a bijection. However, it is
a weight-preserving surjective map, in the other sense,

> w(F)=w(F,3)

Y(F")=(F,d)

forall (F,d) € Iy x {a, b, c}.
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Conclusions

@ We construct map V¥, but it is not a bijection. However, it is
a weight-preserving surjective map, in the other sense,

> w(F)=w(F,3)

Y(F")=(F,d)

forall (F,d) € Iy x {a, b, c}.
@ Therefore,
w(YL(F,8) =w(F,?).

So there is no problem using the map .
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Conclusions

@ We construct map V¥, but it is not a bijection. However, it is
a weight-preserving surjective map, in the other sense,

> w(F)=w(F,3)

Y(F")=(F,d)

forall (F,d) € Iy x {a, b, c}.
@ Therefore,
w(YL(F,8) =w(F,?).

So there is no problem using the map .
@ Finally, we get F, = G, for alln > 0.
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Our Results

The following identity has a combinatorial interpretation.

m—1 m
2k+1 132 2 2k+l m
kll((q 1) + g ;o TG ) o g2 Hatxiad” [T

where « = 2X.
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oce

Further Study |

@ Can the other equation (2) be proved similarly
combinatorially?

m—1 m
2k42 2q2k+2) m+l 24 [M
ckaqu — 1)+ a’q ZO (i [T
= =

where o = 2x.
© How to prove the identity combinatorially?

0 n2/4:n

2.2 . _
(at%; %) wlq(X; 1) —nZ_O (q;q)an(XIq)

© Can we find more combinatorial properties of £4(x;t) and

. : AT
then interpret them combinatorially KAIST
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Further Study Il

@ Does there exist combinatorial objects for £q(x;t) and
8q(xvy;t)?

(9% ¢ Q™/4"

(0t? %) = (0 oo

x e~ ind(_q(1-n)/26i(b+08) _q(1-n)/2g—i(d=0). q)

Eq(X,y;1) =

where X = co0s 0, y = cos ¢.
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