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2.3

CALCULATING LIMITS USING THE LIMIT LAWS

11-30 Evaluate the limit, if it exists.

4 By —
58] fjm 2T~ 8
Ji—0) 1
3 ( 2 3 23
o e+hy-8  \s+12mren k)-8 . 12h+6h +h
(sol) lim =]1um =lim
heo hs 0 L h—0 L

. 2
=lim (12—5;‘1—3? }}=12+[J+{]=12
h—1
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JI+h — 1

22. Iim
h—=1) h
v .. | 1+h ~.||1+§? J1+h+1 [1+h)-1
{SGU lim = lim — = lim — —
heo M h 0 1+ o R(Y1+R+1)

. n
A a({Teae)

1 11

= lim
heo \ 1Hh+1 ﬁ+1
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26.

(s0

29.

(so0l)

| (1 !
im| — — —
=0\ =4t

: 1 1 ’
[} lIm < — - = >=lim L ——— =lim
f— L f 4t f—=0 (F_-Ht;} f— 0

[1m - — — —
—0 2l o+ f

1 1
lim - =
f— 0 ( 4 y 1+t ; )

—T
=lim , %
o Ty 1+ (14141 )
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_ >
47. Let Flx) =

1]
(a) Find
(1) 1in|1 Filx) (11) lim Flx)
e v—=|
{5'3'1::' (ﬂ:l 2_1 E_]_
@) lim h =lim :T1 =lim (x+1)=2
X—1 x—1 x—1
T 2 ST 2= B
(1) lim . —lim — =lim —{x+1)=2
_ | x-1] _—(x-1) _
Y—1 x—1 x—1
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(b) Does lim_,, F(x) exist?

(¢) Sketch the graph of F.

(sol) (b) No. lim F(x) does not exist since lim F(x)=lm F(x).

x— 1

O\ 1/
\ 0 ]. ;
N
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e Jlx) — 8 o i
55. I Iim * = 10, find Im f(x).
x—

=] X — 1

(sol)
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2.4 | THE PRECISE DEFINITION OF A LIMIT

4. Use the given graph of f(x) = x° to find a number & such that

if lx—1|< 8 then 2% —=1|<3
4 (sol) The left hand question mark 1s the positive
1.5 = 1: 1
solution of z°= 5 that 18, z= = and the right
N v
- : hand question mark 1s the positive solution of
. | "
| v Bl gm 3
— ] ! . E — — o II—
3 : — - s that 1s. = V3

: . ! _
On the left side, we need |z—1| < |——1|= (.292,

V2

(3

On the night side, we need [z—1|< EIIE —1] == 0.224.

The more restrictive of these two conditions must apply, so we choose
0 =0.224 (or any smaller positive number).
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A4 7. For the limit

lim (4 + x — 3x') =2

x—=]

illustrate Definition 2 by finding values of & that correspond
toe=1and g =(.1.
(sol) For e=1. the defimtion of a limit requires that we find § such that
A+z—-32°-2)l<1e1<4+2—32" <3 whenever 0<|z—1] <.
If we plot the graphs of y=1, y=44+2—32° and y=3 on the same
screen, we see that we need 0.86 < r < 1.11. So since [1—0.86/=0.14
and |1-1.11/=0.11, we choose §=0.11 (or any smaller positive
number). For e=0.1, we must find 4 such that

A4+2x-32°-2) <0119 < 44+1—32° < 2.1 whenever 0 < |z—1| < 4.
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From the graph. we see that we need 0.988 < r < 1.012.
So since |1—0.938 =0.012 and |1—1.012/=0.012, we choose §=0.012
(or any smaller positive number) for the inequality to hold.

4 2.2
i

w3 g y = 2.1

e . : \ 12 098 : ' ' s Bl .
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‘ 1
36. Prove that hm— = g
r—=2" X 2

(pf) 1. Guessing a value for § .
Let e>0 be given.

_ . ] 1 1
We have to find a number 4> 0 such that e < g

" 1 1 2—r r—2
whenever 0< |lz—2| < 4. But |——=|= = s
T 2 2 2

We tind a positive constant € such that

1 r—2
— (=

< Clx—2 and we can make Clr—2| < e
2T i s

£

e <

by taking |x—2/ <
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We restrict to lie in the interval z—-2/<1=1 <2< 3
30 1}l l#liLtﬁl# =
T 3 i 2 2 D

Thus, we should choose d=min{1,2¢}.

15 suitable.

1
{E. g T=

S

2. Showing that & works Given e>0 we let d=min{1,2¢}.
If 0<|xr—2/< 4§, then (as in part 1). Also |lzx—2|< 2¢,

1 1 - — 2 1 1
50 |—— == 2 fle Toc=¢lr—2l< 11 < 1 < 3=
5 2 121 2 2T

= L
5 -

. . W
This shows that im(1/x)=+

p— E
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2.5| CONTINUITY

13=14 Use the definition of continuity and the properties of limits
to show that the function i1s continuous on the given interval.

| 2x+ 3 |
13. fx) = , (2,%) .
X2 lim (2x+3)
\ 2x+3 x—a o

a=2 . w e li v )=l == Limit Law 5

(pf) Fora=2 . we have l:fﬂf{t) 1;1_1}1{1 > lim (x+—2) [ ]
' x—a
2lim x+lim 3 3443

__*—a *d [J1,2,and 3] =
Iim x~lim 2
X— X—

[ 7and 8] =7F(a).

a—2

Thus. f 1s continuous at x=a for every a i (2.00 ) :

that 1s, f is confinuous on (2,00).
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31-34 Use continuity to evaluate the limit.

33. lime*

]

-

(zpl ) Because x —x 1s confinuous on R .

~

. - . X =X . .
the composite function f(x)=e  1s continuous on R ,

so lim f(x)=f(l)=e =e=1.

T— 1
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55. Prove that f 1s continuous at a if and only 1f

f|i|1{sj fla + h) = fla)

(pf) (= )If f 1s continuous at a , then by Theorem 8 with g(/#)=a+h ,

S

we have lim f(a+th)=f (lim [n+h))= f(a) .

h—0 h—0

(< ) Lete>0. Since lim f(a+h)=f(a) , there exists 6 >0 such that
h— 0

0<|hl <o = | fla+h)-f(a)| <¢ .
So if 0<|x-a| <0 , then | F/(x)-f(a)| =| f(a+(x-a))-F(a)l <¢ .

Thus, lim f(x)=f(a) and so f 1s continuous at 4.
X—da
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59. For what values of x1s f continuous?

| 0 1f x1srational
Jix) =

| | 1f x1s rrational

{SGU fx)= { (l} ﬁ; i: Eﬁ?il{;?}ﬂ 1s continuous nowhere.

For, given any number @ and any o >0 , the interval (a—o.,a+0 )

contains both infinitely many rational and infinitely

many urational numbers.
Since f(a)=0 or 1 , there are infinitely many numbers x
with 0<|x—a|<0 and | f(x)-f(a)|=1 .
Thus, lim f(x)# f(a) . [In fact lm f(x) does not even exist. ]

X—da X—d
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2.7 | DERIVATIVES AND RATES OF CHANGE

5-8 Find an equation of the tangent line to the curve at the
given point.

[T = -.*1_ L1

F fq _1

) 't — 1
(sol) m=lim— Y- —lim-
w1 e (z—1)(Vz+1)

=lim 1
—sl VE"‘]. 2

- . . | .
The eguation of tangent line 1s y—lzaiﬁ—lj

11
SR SN
H= ™5
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19.] (a) Find the slope of the tangent to the curve
y = 3 4+ 4x° — 2x" at the point where x = q.
(b) Find equations of the tangent lines at the points (1, 5)
and (2, 3).
(c) Graph the curve and both tangents on a common screen.

' —at) —2(2% - a®)

(3+4zx"—22%) — (3+4a°—20%) )
T —a

L —a

(zal) (2) m =1im

I—=

=hm
I—a1

Az—a)lz+a)—2(zr—a)(z’+az+a?)

—li_f"f} Ir—a

. d(x+a)—2(x*+azx+a?)
=lim(z—a})

P L—a

=1im 4(z+a) - 2(z* +ar +a”) = 8a—6a’
I—x
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by At (15): m=8&1—-6(1)"=2,

so0 an equation of the tangent line 1s

y—bh=2lr—1)e=y=2r+3
At (23): m=82—-6(2)"=—38

s0 an equation of the tangent line 1s

y—3=——-28(r—2)=y=—8xr+19
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25-30 Find ['(a).

= 4

28. f(x) = —

2 2
(ath) +1 a +1

(s0l) f II:({’J) —lim f (n+f;j— fl(a) im ({J-!@)—Z} )
) !

h—0 h—0

(a z—znh—f 32— 1))(a-2)- (c:r2+ D(a+h-2)
hla+h-2)(a-2)

=lum
h—0
3 2 2 2 2 i 2 2
(a —2a +2a h-4ah+ah -2h +a-2)—(a +a h-2a +a+h-2)
h(a+h-2)(a-2)

=lim
h—0

2 2 2 2
. a h-dahtah -2h -h . h(a -datah-2h-1)
=lim - =lim ﬂ
no Math-2)(a-2) hoo h(ath=-2)(a-2)

2 2
a —Ada+tah-2h-1 _a —4a-1
+h-2)a=2) 2
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51-52 Determine whether f'(0) exists.

-

]
o ¥sifi— £ E#FE0D
51| f(x) =4 X

0 if x=0

(s0l) Since f(x)=xsin (1/x) when x=0 and £(0)=0 , we have

0+/)- (0 hsin (1/h)-0
7 0y=tim LERTLQ ) sm W0 iUy |
hi—0 h h— () h h—0

This limit does not exist since sin(1//) takes the values -1 and 1
on any interval containing 0.

(Compare with Example 4 in Section 2.2.)
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-

ﬂ |
X~ sin — it x #= 0
52. f(x) = 9 5 ¥

() if x=10

.
. : 2 .
(sol) Since f(x)=x sin(1/x) when x#£0 and f#(0)=0 ., we have

S(0+h)-£(0) lim hsin (1/h)-0

7 (0)=lim —lim (% sin(1/7)) .
h—0 h I1—0 h h—0
Since -1 < sin 7 < 1 . we have
1 1
—|h| < | Al sin = <|h| = —|h| < hsin = <| h].
h h
Because lim(-|#4]|)=0 and lim |#|=0 . we know that
h—0 h— 0
1 /
lim (4 sin p )=0 by the Squeeze Theorem. Thus, / (0)=0.
hi—0
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2.8| THE DERIVATIVE AS A FUNCTION

19-29 Find the derivative of the function using the definition of
derivative. State the domain of the function and the domain of its
derivative.

— 41
27.| G(¢t) = T
- A(t+h) A AR+ 1)=4(-+h+1)
) G(t+h)-G(t t+h)+1 1+ t+h+1)(+1
(sol) ¢ (@ =lim +h) ()=1im (+h) =lim ( iGd)
h—0 h h—0 L h—0 h
2 2
Y (4t +4ht+di+4h)—(4¢ +4ht+41)
> h(t+h+1)(t+1)
47 4
=lim : =lm 4

0 Wt (1) (+h1)(+1)

(1+1 )E

h—0

Domain of G= domain of G ::l:—':ﬂ —1)U(=1.00).
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29. flx)=x"

(sol)
4 4 4 3 2. 2 3 .4 4
. fxth)-f(x) . (xth)-x . (x Hx h+6x h +4xh +h )—x
f (x) =lm =lim =lim
h—0 h h—0 h h—0 h
3 2.2 3 4
. dx ht6x h H4xh +h _ 32 2 3 3
=lim h =lim(4x +6x h+dxh +h )=4x
h—0 h—0

Domain of /= domain of f =R
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35-38 The graph of [ is given. State, with reasons, the numbers
at which f 1s not differentiable.

37. vA
|

(sol) f 1s not differentiable at x =4,

because the graph has a corner there.

f 1s not differentiable at r=—1.

because the graph has vertical tangents at that point.
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L’E 45-46 Use the definition of a derivative to find f'(x) and f"(x).
Then graph f. f'. and f" on a common screen and check to see if
your answers are reasonable.

45. f(x) =1 + 4x — x° 46. f(x) = 1/x

flz+h)—f(z) ,. 1+4z+h)—(z+h)?*—(1+42—2%)
=lim
h bl h

(sol) f(z)=1lim
h—d]
o1 : 2 2
=lim-—=(1+4z +4h—z°* —2z2h—h*—1—4x +z°)

b N

o1, o k
=lim—=4h—2zh—h?)=lim(d—2z+h) =4—2z
B Rl

(z+h)—f(z) .1, ( Y—( )
Fath) =7 @) i Ly a(e+h)—(4—22))
h ol B

f (z)=lim
hd)

—lim —(—2h)=—2
w1
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fla+h)—flx) . 1, 1 1

"'l:.- x: = — _|: L i
(sol) f(x) 1&111 a 1}2} e IJ
—11111l L h}—lim S
o h xlz+h) n Tz +h) z
oo e flath)—flz) 1, 1 1.
(z)=lim =11im—(—- —+
I ) R h o b (z+h)? IEJ

.1, (z+h)—2%, . 2zh+h .
=lim—(—— ) =lim—(
o b 2 (z+h) e b g (z+h)?

2x+h ,J 2 2
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3.2| THE PRODUCT AND QUOTIENT RULES

3-26 Dilferentiate.
20. z = w¥ (w + ce")

s 3/2 W 5/2 32w
(sol) z=w “(wtce =w +cw e

/5 3n 32 0w o ow 3 12 5 312 1 1/2 w
= :E‘ﬂf +c|lw e +e - —w ==w +=cw e (2wt3)

1
3
4+2+/T— 1 4+ /1

, H 1
2(24+ /1) — 2t —t

I::SI::}].'} f.E:f::I: - 0 - 0 R 0
2+ 1) 2+ /1) \ 2+ /1)
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33-34 I'ind equations ol the tangent line and normal line (o the
given curve at the specified point.

34, y = ———  (4,04)
o ol
o en(GE)Fe
(sol) _Y~X N / 2\1_ J_ _ (x+D—(2x) _ |
}’ X‘|‘1 '} 2 -

(x+1)° 24x (x+1)" 2qx (x+1)

/=3
At(4,04), v = 100 =-0.03, and an equation of the tangent line 1s

1-0.4=-0.03(x-4), or y=—0.03x+0.52.
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36. (a) The curve y = x/(1 + x?) is called a serpentine. Find
an equation of the tangent line to this curve at the point
(3,0.3).

2
X

(sol) (@) y=f(x)= == =1 (

2
= (I+x ) I-x(2x) _ 1-x
" 2.2 22
1+x (1+x ) (1+x)

So the slope of the tangent line at the point

/
(3,0.3)1s f (3)= T00 and 1ts equation 1s y-0.3=0.08(x-3)

or y=—0.08x+0.54 .
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43.| Suppose that £(5) = 1, f'(5) = 6, g(5) = —3, and g'(5) = 2.
Find the following values.
(a) (fg)'(5) (b) (f/g)'(5)
(¢) (g/f)(5)

(sol) We are given that f/(5)=1 ., f (5)=6 . g(5)=3 .and g (5)=2.

@) (f2) (ﬁ)—f(ﬁ)g (‘3)+2(‘3)f 5) (D@)H=3)(6)=2-18=-16
(b) (g ) (5)= 8 <ﬁ>—f<*)g ) _ (3)6)- (@) _

EQI -3 5
© ( ) (5)= L) (5)—3{3)_;‘ D) - DAEHO) y,
/ /)T (1
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3.3 | DERIVATIVES OF TRIGONOMETRIC FUNCTIONS

Il

I=16 Diaflerentiate.

2. flx) = xsinx

(sol) f (x)=x- cos x+(sin x)- 1=xcos x+sin x

o ] + sin %
s ¥ =
' X < COS X
. o 2 .
o (x+cos x)(cos x)—(1+smn x)(1-sm x) xcos x+cos x—(l-sin x)
Y 2 2
(x+cos x) (x+Cos x)
2 2
_ XCOS x+COS x—(COS X) _  XCOS X
2 2
(x+cos x) (x+cos x)
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2 . . .
/_ x o8 x—(sin x)(2x) _ x(xcos x—2s1n x) _ xCOS x—2811 X

2\ 2 4 3
(;1:) X X

16. vy = x"smx tan x

(sol) Y

‘ . 7 7 . 7
(sol) y =2zxsinztanr+zx°cosxrtanr+z sinxsec’s
. 2 . 7 .
=2rsingtany ~x sing +x sinxsecy

=rsinz(2tans + 1+ rsec’s)
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21-24 Find an equation of the tangent line to the curve at the
given point.

23. y=x+vcosx, (0,1)
: / .
(sol) y=xtcosx=y =l-smx.

At (0.1) v =1, and an equation of the tangent line 1s

y-1=1(x-0) , or y=x+1.
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39-48 Find the limit.

o osIn 4x
40. lim —
v—0 §In 6x
" s 4x sin 4x X 4sin 4x 6x
(sol) [im — =lim ( - = >=Hm hm
e SIMOX g X smox /g 4x _p 6sin 6x
sin 4x 1 6x
=41]i =i =4(1)- = (1
ATB 4x 6 NH{] sin 6x (1) ( )=
- cost — |
42. lim ———
b—0 SN #
cosf-1 ;.. cos £-1
(spl) . cosf-1 g a0 © 0
lim — = lim . = . =—==0
a_.po smf 45 5 sinf sin B 1
' [imn
& 9.0 e
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S @

45.| 1im
f—0 @ + tan ¢

(s0l) Divide numerator and denominator by £ .( sin(F ) also works.)

sin &
i sin 0 ’ e
im —— =[im :
a_ofttanf H—}Dl_ﬂmfﬂ'_ ]
A cos A
s f
[im
- a0 0 1
osinf 1 1+1-1 2
1+ lim lim

a0 € a_gcos?
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I —tanx

47. hm —
x—wfd SN X — COS X
(sol)
COST —sing
e COST = COST —Sing e 1 )= 1 o)
x 3inr—cosx x cosxlsinr—cosx) x  COSX 1 v
T T T NG)
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— 134 | THE CHAIN RULE
7-46 Find the derivative of the function.
28. vy = — :
¢ T ¢
f ( ”—I- —H)( 2u 2) EH( u —H)
'::5':]' _ e e & & e —e
u -2
(e te )
2 il —1
e (29 Fe - +e ) e (e t3e )
- 2 u -2
(E? +e ) (e te )
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o o

Y Jil f Y
y+1 y+1

L ¢ y L

Ve 2y\y+1)—y

y+1 (y+1)°

syt +2y) | Byt(y+2)

(y+1)° (y+1)°

(zol) G (y)=5( )

:5{
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1, ¢t ~—5, ¢
I:.-' " E.l:.-'

(sol) f'(t)==( ) =
b 2 °+4 t*+4

y

=4\ # h
2 +4 (2 +4)

1 . .
1, ¢t }—E_gf%y—zw

_1
1, t "7 t—4
=~ o\ ) TE e
2 t°+4 (t“+4)
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38- .1|-" - f"'i' LA

% ktan
(sol) )=e

SEECS KNU

e

>y .-":Ehan )J? i (ktan J::)

:eﬂ“tan J: (

2
ksec WF

dx

sec ZJ;- % x—].-,_>
Ehan J_r

e

Tutorial Lab 2
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40. y = sin(sin(sin x))

/
(zpl) » =cos (sin (sin x)) :?E (sin (sin x))

=cos (s (sin x))- cos (Sin x)- cos x
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63. A table of values for f, g, f', and ¢ is given.

x | flx) gl x) Fiix) g (x)

| 3 2 4 6 |

2 | 3 5 7|

3 |7 2 7 | 9 |
| | |

(a) It h{x) = f(g(x)). find A'(]).
(b) If H(x) = g( f(x)). find H'(1).
(s0l) @ hx)=fg)=h @=f (etx) g @) .
so i (1=f (1) g (D=F (2)- 6=5-6=30 .
) Hx)=g(f(x)=H '(x)=g (f&)- &),
so H (=g '(f(1) f (=g (3)-4=9-4=36.
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64. Let [ and g be the functions 1n Exercise 63.
(a) If F(x) = f(f(x)), find F'(2).
(b) If G(x) = glg(x)), find G'(3).

(sol) @) FGEf(f@)=F @=f (fe)- f @),
o F (=f (f)-f )= (1)-5=4-5220 .

(b) G)=g(g(x)=G (=g (gx)-g ).
s0 G (3)=g (g(3)) g (3)=g (2)-9=7-9=63.
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67.] Suppose f is differentiable on K. Let F(x) = f(e") and
G(x) = e¢’". Find expressions for (a) F I.H and (b) G'(x).

X / oxod  «x XX
(sol) @) F)=f(e)= F ”(x>=f (e Jg, ()= (e

® 6er-¢’ "= 6 - = f- s )
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77.] The displacement of a particle on a vibrating string is given
by the equation
s(1) = 10 + L sin(1071)

where 5 18 measured m centimeters and 7 in seconds. Find the
velocity of the particle after 7 seconds.
(s0l) 10+ 2 &

s(1)=10+ 7 S (1071)

= the velocity after 7 seconds 1s

/ 1 57
w(t)=s (jf‘)zz1 cos (1077)(107)= ?T cos (1077) cm / s.
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80. In Example 4 1n Section 1.3 we arrived at a model for the
length of daylight (in hours) in Ankara, Turkey, on the rth
day of the year:

| 277
[(t) =12 + 2.8 z-;in[ (2 — 8[3@

: 27 27
(sol) L (H)=2.8cos ( v (r—SO)) ( v ) .
/
On March 21, +=80 , and L (80)~0.0482 hours per day.

On May 21, =141 , and L f(lill)m 0.02398 .

which 1s approximately one-half of L E(SG).

SEECS KNU Tutorial Lab 2 March 25-27, 2008 (48/48)



