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3.5 | IMPLICIT DIFFERENTIATION

1]

5-20 Find dy/dx by implicit differentiation

6- 2\-"{'1' T ij. = %

1 1
1 > 1 —%,
(sol) 2vVa++Vy=3 = 2—2;1: 2+—2y ‘o =0
1 1 ; 1 ; 1
\/E 2\/5 2\/5 \/E

8. " —2xy+y =c

(So) £ (x2—2xy+y3): ix (c) = 2x2xy - )+3y vy =0

dx d.

/ 2/

= 23:_2'}::2‘1;; '—3.}: V = 23:—2.}’:1/’ | (23‘:_3.}: )

-

2x—2y

— J,,'I—

2
2x—3y
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) 2
(Sl tan (x-y)=—— = (I+x")tan (x-3)=y
1+x

2. 2
= (1+x")sec (x—y)- (1-y )+tan (x—y)- 2x=y
S 2 2 2 2 /
=~ (1+x )sec (x—y)—(1+x )sec (x—y)-y +2xtan (x—y)=y

= (1+x2)sec 2(:{f—}-‘)+2x1:an (x-1)=[1+(1+x )sec (x-1)]- v

2. 2
/ (I+x )sec (x—y)+2xtan (x—y)
y =

1+(1+x )sec (x-y)
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20. sinx + €oS y = SIn X COS ¥

(Sol) sin x+cos y=sin xcos y

!

: [ : /
= COS X—SIn y- ¥ =sm x(-sin -y )+cos ycos x

L . /
= (Sln xsin y-sin y)y =COS XCOS }—COS X

/ cos x(cos y-1)

=y : ,
g sin y(sm x—1)
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25-30 Use implicit differentiation to find an equation of the

tangent line to the curve at the given point.

- - .xl"'
29. 7{- "+ y2) = 25(x% — y?) B -
(3. N4
(lemniscate) AN / x
2 22 2 2 2 2 /
(Sol)  2(x™ ) =25(x")=4("H")x+2yy F25(2x2yy )

/o2 2 /
= Aty )y )=25(y )

/2 2 / 2 2
= 4yy (x +y F25yy =25x-4x(x +y)

25x—dx(x 1) /75-120
=y = > - When x=3 andy=1. y = 5140
25y+Hy(x +y ) ;
. o | 9 9
so an equation of the tangent line is  y—1=- T3 (x=3) or y=— 3
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44. The Power Rule can be proved using implicit differentiation
for the case where n is a rational number, n = p/q. and
y = f(x) = x" is assumed beforehand to be a differentiable
function. If y = x?¥, then y* = x". Use implicit differentia-
tion to show that

v e ﬂ X (o) —1
: g
-1 / 1
1 p-1 p-1 plg
/ X X V X /g )—1
— ) :p — = = = = _Ex(pq]
q-1 q D q
qy qy gx
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45-54 Find the derivative of the function. Simplity where
possible.

46. v = \/lan"'x

-1 -1 112
(Sol)  y=\[tan "x=(tan x)

/o] -1 -2 d
—= Yy Zz(taﬂ x) 12 d ('[2111 }C)

\’ tan x \} tan x (1+x )
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68. (a) Show that f(x) = 2x + cos x is one-to-one.
(b) What is the value of f'(1)?
(¢) Use the formula from Exercise 67(a) to find ( /")'(1).

(Sol) () f(x)=2x+cos x= " (x)=2-sin x>0 for all x.
Thus, f 1s increasing for all x therefore one—to-one.

(b) Since /" 1s one-to—one, f_l(l)Zk@ f(k)=1.
By mnspection, we see that f(0)=2(0)+cos 0=1 .

so k=f (10

@ ¢ W-1r ap1r 0-1@-sin 03
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3.6 | DERIVATIVES OF LOGARITHMIC FUNCTIONS

2-22 Differentiate the function.

1.f(x) = JInx

—4/5 d

(Sol)  fx=Tx=(nx) "= £ = () = (n.x)

1 1 1

B 4/5 5 ,
S(In x) i Sx \,’ (In 9:)4L

16. v = In(x*sin"x)
4. 2 4 .2 _
(Sol)  y=In (x sin x)=In x +In (sin x) =4In x+2In sin x

/ | 1
=v =4. —+2. — .cos x=— +2cot x
b
X SIN X X
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T
18. H(z) = In, |
\.

la- + z°

(sol) H'(z)=

we calculate numerator first,

1

l(az—zg .o 2—22);: 1 —22(a* +2°) —(a*— 2°)22
2 ¢+ o + 7 2\/((12—2:2) (a° +2°)°
(a® +2)
—4a%7
HI( ) ({12—'_22)2 . _2{123 . 2{122’
z) = 2 2 1.2  avi 2., .2y 4 4
g(a—z) (a°—2z°a*+2°) Z—a
2, 2
a +z
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23-26 Find y' and y".

In x
24, y=—
=
Iy / x(Ux)-(nvQx) x(1-2Inx) 1-2Inx
Sol) =5 =y =T H SR S
X (f) X X
—a x (2012l X)(Bx") _ x (-2-3+6In x) _ 6ln x5
(x:,)z ,}(6 x4
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27-30 Differentiate f and find the domain of f.

l + Ionx

28. f(x) =

Lx [Reciprocal rule] =- 1

(I+hnx)’ *(1+1n x)

(Sol)  f(x)= £ ) =-

1+1ln x

Dom(f)= {x|x>0 and Inx#-1} = {x|x>0 and xz=1/e} = (0, l/e)lU(1l/e, 00).

SEECS KNU Tutorial Lab 3 April 1-3, 2008 (13/29)



37-48 Use logarithmic differentiation Lo find the derivative of
the function.

47. y = (tan x)'"
(sol) Using logarithmic differentiation, we have Ilny= %ln(tanm)

Y 1 gec’z 1
¥y & tanxr @ °

1

2
; ~ ., Sec'x In (tanz)
.y =(tanz)” ( — )
rtanx T
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51. Find a formula for /™(x) if f(x) = In(x — 1).

s Sl (D)= f @Rl DA1) = 7 =)

: i -3 (4) _ -4
= f ()21 =f (x)=2-3x1) =---

3N f(m(x)z(—l)ﬂ_l- )34 (H—l)(;r—l)_?!:(—l)ﬁ_l (n-1)!

(x-1 )H
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i

v o &
52. Find — (x" In x).

dx

8 9 &8 / _8 7 7
(Sol) »yxInx.,soDy=Dy =D (8 Inx+x ).

-

But the eighth derivative of x is 0 , so we now have

8 7 _ 7 6 6 7 6
D 8xInx) ™ D (8 7x Inx+8x )=D (8- 7x In x)
_ _6 5 0
— D (87 6x Inx)=.=D(8'x In x)=8!/x.
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3.7 | RATES OF CHANGE IN THE NATURAL AND SOCIAL SCIENCES

]

20. Newton's Law of Gravitation says that the magnitude F of the
force exerted by a body of mass m on a body of mass M is

GmM

¥ Fa

where G is the gravitational constant and r is the distance

between the bodies.

(a) Find dF/dr and explain its meaning. What does the minus
sign indicate?

GmM dF -3
7 —(GmM")r :_‘.:- — _—2((rmM)1 __2GmM

F" T

(Sol) (@) £=

, which is the rate of change of the force with respect to the distance between the bodies.
The minus sign indicates that as the distance » between the bodies increases,

the magnitude of the force F' exerted by the body of mass m on

the body of mass M is decreasing.
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(b) Suppose it is known that the earth attracts an object with
a force that decreases at the rate of 2 N/km when
= 20,000 km. How fast does this force change when
r= 10,000 km?

: / /
(Sol) Given F (20 .000)=2 . find ' (10, 000).

T 3
o= 2(’”?3”‘; — GmM=20 . 000"
20,000
; 3 -
F (10,000)= 2 (20’009 ) =2.2"=16 N/ km

10.000°
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28.| The frequency of vibrations of a vibrating violin string is
given by

1T

2L Vp

where L 1s the length of the string, 7 is its tension, and p 1s

Its Iinear density. [See Chapter 11 in D. E. Hall, Musical

Acoustics, 3d ed. (Pacific Grove, CA: Brooks/Cole, 2002).]

(a) Find the rate of change of the [requency with respect (o
(1) the length (when T and p are constant),

(11) the tension (when L and p are constant), and
(i1i) the linear density (when L and 7" are constant).

: 1 T 1 T = d T - T

P § r _ 1 12_ dar _ 1 —1!2

W 7=\ » <2L ) )T dT 2 (2}:( ) 4LF
R S r E -2 df 1 E -3/2 1{T
) /=352 % _( )” T dp 2 ( 2L >f9 — 1
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(b) The pitch of a note (how high or low the note sounds) is
determined by the frequency f. (The higher the frequency,
the higher the pitch.) Use the signs of the derivatives in
part (a) to determine what happens to the pitch of a note

(1) when the elfective length of a string 1s decreased by
placing a finger on the string so a shorter portion of
the string vibrates,

(1) when the tension is mcreased by luming a tuning
PEE;

(111) when the linear density 1s increased by switching to
another string.

(Sol)

(b) Note: Illustrating tangent lines on the generic figures may help to explain the results.
. df

W =7

df

(11) o7 >0 and 7 1s increasing = f 1s increasing = higher note

(111) % <0 and p 1s increasing = f 1s decreasing = lower note
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il

3.9 | RELATED RATES

| If a snowball melts so that its surface area decreases at a rate of
| cm?/min, find the rate at which the diameter decreases when
the diameter is 10 cm.

-

: . : 2, .
(Sol) (a) Given: the rate of decrease of the surface area 1s 1 cm /min.

. . o _ 2
If we let  be time (in minutes) and S be the surface area (mmcm )

2

2
then we are given that dS/dr=—1 cm / s.
(b) Unknown: the rate of decrease of the diameter when the diameter 1s 10 cm.

If we let x be the diameter, then we want to find dx/dr when x=10 cm.

(c)
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(d) If the radius 1s » and the diameter x=2r ,
(1 )2 2 dS dS dx dx

T, TATTX

dr  dx dt c’i.f'

::T x %" s

1 2
then r= E x and S=dar =47

_dS_, dx dx 1
(€) - dt Yar T dr 2nx
When x=10, X = —— S0 the rate of decrease is—— cm/mi
€1l X >y — 207 o0 e rate ol aecreasc 15 20m CITV 111111
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22. A particle 1s moving along the curve y = Jx. As the particle
passes through the point (4, 2), its x-coordinate increases at a
rate of 3 cm/s. How fast is the distance from the particle to the
origin changing at this instant?

(Sol) Let D denote the distance from the origin (0.0) to the point on the curve }JZJ; .

D—'\j (x-0)+(-0)’ \j x +(\[_ ) \/ X +x

dD 1 2 -1n dx 2x+1  dx
el R A b S dr
2V x +x
d- dD
With ~ — ~3.02 cm/ s.

o =3 when x=4 , o 2\]_ (3)= \[_
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29. Two sides of a triangle are 4 m and 5 m in length and the angle
between them is increasing at a rate of 0.06 rad/s. Find the rate
at which the area of the triangle is increasing when the angle
between the sides of fixed length is 7/3.

(Sol)

2

4

dd_ dd ‘ﬂq:m 2)(0.06)=0.6¢cos &
o (10cos € )(0.06)=0.6¢cos & .

1 h 1
A= > bh, but >m and sinf =~ = h=4smd, so 4= > (5)(4sin 6 )=10sin & .

We are given A =0.06 rad/s, so

When 8=~ @—06< -E>—06<1>—0% ?)
1en 3> o 06 cos 3 (0.6) 5 3m /s.
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3.11| HYPERBOLIC FUNCTIONS

30-47 Find the derivative. Simplify where possible.

31. f(x) = tanh 3x

(Sol) f'(z)= sech®3x(3x) =3sech’3x

33. A(x) = cosh(x?)

(sol) h'(z)=sginh(z*)(z*) = 42’ cinh{z*)

SEECS KNU Tutorial Lab 3 April 1-3, 2008 (25/29)



35] y = e

cosh 3x /" cosh3x | cosh 3x .
(Sol)  y=e =y =e - smh 3x-3=3¢ sinh 3x

37. {(t) = sech’(e’)
(sol) f'(t)=2gechle )(gechle’)) = 2sechle’ ) (—gechle’) tanhle’)) e

— —92¢" sech?(e’ ) tanh(e)
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39. y = arctan(tanh x)

(sol) ¢=tan '(tanhz)

- 1 - 1 , _ sech’z
=y = > (tanhz)’ = —sechs = >
1+ (tanhx) 1+ tanh“x 1+ tanh “x
42. y = x~sinh '(2x)
2. -1 /2 1
(Sol) y=x smmh (2x)= y =x-
1+(2x)

o, -1
2+sinh  (2x)- 2x‘2x|:

X : -1
+sinh  (2x)
>
\,’ 1+4x
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44. y = xtanh 'x + In /1 — x?

-1 2 -1 1 2
(Sol) v=xtanh x+In7 l-x =xtanh x+Eln (I-x)

-

Fa

l—x

/ -1 | -1
—. y =tanh x+ - (L > (-2x)=tanh «x

46. v = sech™'y/1 —x2, x>0

] 2

(Sol) y=sech V| 1-x = 2x

o 1 X
>y = — >
2 2
\fl—x \fl—(l—x) 2\ 1 (=)l
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47. v = coth 'vx2 + 1
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