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4.5 SUMMARY OF CURVE SKETCHING

10.

Sol )

|-52 Use the guidelines of this section to sketch the curve.

lll. o

(x = 1)°

A D={x|x£1}=

i

(—00.,1)U(1,00)

B. x- mtercept =0 , y —intercept =7(0)=0

C.No symmetry

X

D. lim -
T— o0 (x_n“

: 2
E. 7= G Ox@6D) _ -l

=0, so y=0 1s a HA. lim

X

x—1 (I'— | )-

x-1)°

x1°

- =00 , 50 x=1 1s a VA.

This is negative on (—oo ,~1) and (1,00 ) and positive on (-1.1)

s0 f(x) is decreasing on (—oo .—1) and (1,00) and increasing on (—1.1).
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. 1 :
F. Local minimum value f(-1)= 7 >0 local maximum.

(D) EDHADE) D 20rt2)

G (=
(v-1)° (x-1)

This is negative on (—00,-2) , and positive or (-2.1) and (1,00).

: , 2
So fis CD on (-00,-2) and CU on (-2,1) and (1,00). IP at (—2,—5 )

H.

YA
42 o)
— s i
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0. y=yxt+x —x
Sol) 4 = flz)=valitz—z= /z{z+1)—

A. D = (—o0,—1] U [0, c0)

B. y-intercept: f(0) = 0; x-intercepts: f(z) =0

2

= :r;ﬂ-l-:i.':;r. — Iﬂ—i—:,t?:;i': = T =1

C. No symmetry

2
lim f(z)= lim (m_ )v‘r +z+3

D.
T — 00 T — 0 T2 + x4z
: e 4+ 1 — 22 . 2/
= lim = lim =
T—=0 \/p2 + 1 4 el (xf;i:"+x—|~:r)/:t:
1 ;
= lim - soy:%maHA. No VA

I—mer;
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E. fl(z) =3 +2) 32z +1)-1=

& 2r4+1>2 24y & T4+ = ::*\/
Keep in mind that the domain excludes the interval (—1, 0).
When z + 3 is positive (for 2 > 0),

the last inequality is zrue since the value of the radical is less than z -

B =

When & + % is negative (for z < —1),
the last inequality is false since the value of the radical is positive.

So f 1s increasing on (0, 00) and decreasing on (—oo, —1).

F. No local extrema
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G. f'(z)= 2(z* +z)'%(2) — (22 + 1)-2- %(i“ +z) V(22 + 1)
(2vx2 4z )2
: (2% +2) 2 4(e? + 2) — (22 +1)7] —1
4(x2 + z) o 4(z2 + ‘L.}LU:‘-:‘

f"(x) < 0 when it is defined, so f is CD on (—o0, —1) and (0, oc). No IP

H VoA
- 1. |
.2 M5 y=3
-‘ "
;U A
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39. 1} 5 Fhilll

Sol) ¥ = f(z) =e"""
A. D=R
B. y-intercept: f(0) = e = 1; z-intercepts: none, since ¢5™% > 0
C. f isperiodic with period 27, so we determine E-G for 0 < xz < 27.

D. No asymptote

E. f'(z) = "% cosz.
fl(z) >0 ©cosz>0 = zisin(0,%)or (5F,2m) [ fis increasing]
3

and f'(z) <0 = wisin (%,3F) [ f isdecreasing].

F. Local maximum value f(%) = e and local minimum value f (%) =™
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G. f'(z) = ™ (—sinzx) + cosx (> cos ) = €*™* (cos® z — sin x).

2 2

f'(z) =0 & cos®z—sinz=0 © 1—sin“z—sinz=20

& sinz+sinz—1=0
= sinzx = ijﬁ:ﬁ = o= sin‘l(_—l‘:{'ig) ~0.67and B=m— o~ 248,
f(x) <0on(a,B) [ fisCD] and f"(z) > 0on (0, ) and (3, 27) [ fis CU].

The inflection points occur when z = a, 3.

}Hll

iy 0 27 4 X
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4.6 | GRAPHING WITH CALCULUS AND CALCULATORS

13=14 Sketch the graph by hand using asymptotes and intercepts,
but not derivatives. Then use your sketch as a guide to producing
graphs (with a graphing device) that display the major features of
the curve. Use these graphs to estimate the maximum and mini-
mum values.

_ (2x + 3)(x — 2)°

4. o = M= 5)* y :
22 + 3)*(x — 2)° :
Sol)f(:I-']:( + )(3_, ) has VAsatz = 0Qandz = 5 |
T3 (x — 5)*2 i
since lim f(x) =00, lim f(z)= —o0, j
r—0— r— ()t ; j }I

and lim f(x) = oo. L ' x
No HA since lim f(z)= oc. ‘

m—+ 00 xr=35
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Since f is undefined at & = 0, it has no y-intercept.
I 3, 2 5 i 7 =9
fz)=0 & (2z+3)"(z—-2)"=0+ T=-—50T=2
so [ has z-intercepts at ~% and 2.
Note, however, that the graph of f is only tangent to
the x-axis and does not cross it at z = — 2,

since f is positiveas z — (—2) and asz — (—2)".

(%] [¢

There is a local minimum value of f(—2) = 0.

The only “mystery” feature is the local minimum to the right of the VA 1 = 5.
1000

From the graph, \_/\

we see that f(7.98) =~ 609 is local minimum value.

- il "110
0
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47| OPTIMIZATION PROBLEMS

65. The upper right-hand corner of a piece of paper, 30 cm by
20 ¢m, as in the figure, is folded over to the bottom edge.
How would you fold it so as to minimize the length of the
fold? In other words, how would you choose x to minimize y?

— — — s e e e e e — ——

2

()
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Sol )

2J10x— 100

v L] . 2 .2 :__) = 5| . .
€ y® = 2%+ 27, but triangles CDE and BC' A are similar

so z/20 = ;1‘./’(‘2 v 10z — 1[]{_])

& 20 =10022/(10z — 100)

Thus, we minimize

~
I

- y* = 2% +1002% /(102 — 100) = 2*/(z — 10), 10 < 7 < 20,

B (z — 10)(32%) — 23
(xz — 10)° N (ir — 10)2 - (af =)

== () When =18,

*[8(z —10) — 2]  22%(z — 15)
))2

f'(z) < Owhenz < 15, f'(x) > 0 when = > 15,

50 the mimimum  occurs when 2 = 15 cm.
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66. A steel pipe is being carried down a hallway 3 m wide. At the
end of the hall there is a right-angled turn into a narrower
hallway 2 m wide. Whalt is the length of the longest pipe that
can be carried horizontally around the corner?

b 3

Sol ) Paradoxically, we solve this maximum problem by solving a minimum problem.
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Let L be the length of the line AC'B going from

| B
2 . wall to wall touching the inner corner (.
3 EH 2
2 Asfl — Dorfl — Z, wehave L — o and
& , T
g | there will be an angle that makes [ a mmimum.
A pipe of this length will just fit around the corner

From the diagram, L = Li + Lz = 3csctl + 2secl

—=dL/df = —3cscl cotf + 2sech tanfd = 0

tan® 0 = % = 1h&e

when 2secfl tanf = 3escf cotd < tanfd = ¥1.5.
)'.’:x.'i- und {_‘S(.'__?" H . l —l— (;_j:) e e

Then sec? @ = 1 + (5

. rd 547 1/2 .
= longest pipe length L = 3[1+(§) "f:‘J +g[1+(

g

= ] =~ 7.02 m.

L] L

/1.5 L=3cscH <+ 2sect = 7.02 m.

Or, use § = tan * (V1.5 ) ~0.853 =
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— 152 | THE DEFINITE INTEGRAL

17-20 Express the limit as a definite integral on the given
interval.

H

17. lim ), x; In(1 + x7) Ax, [2, 6]

= .
T =1

Sol) On [2.6], hm "T z: In(1 + zf) Az = j; zIn(1 + =*) dz.

.'—l

19.) lim D, /2xF + (x5)2 Ax, [1,8]
§ AR |

I

. . * f *\2 -8 2
Sol) On[1,8], lim E;jl\/fo-l-(x_) Ax= Jl 2x+x dx.

H— 00
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30. “m (x — 41Inx) dx
J

10-1 9 0j
Sol) Ax= == alldx,=1+fﬂx=1+—f , SO
I 1 ! 1
| (x-4In x)dx=lim R =lim ZP_?_ |: <1+—I )—4]11 <1+—r ) i| =
1 7 i=1 n - -
Fl— 00 H— 0

48. If‘i.;'j'[_\'}l dx = 12 and .|:'J‘~I."_1']l dx = 3.6, find ‘|.]4Lj"t',_t'1' ax.

so) [ fG)ds=] " fG)dn-| flx)dx=12-3.6-8.4
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52-54 Use the properties of integrals to verify the inequality with-
out evaluating the integrals.

°l g TP
52. ‘ vl 4+ x> dx = ‘ J1-+xdx
o ()

0
Sol) z*<zon[0,1],s0v1+z? <1+ zon]0,1]

Hence, f[]] V1+x2de < J'Dl Vv 1+ x dr [Property 7).

o L [ iy DI
24 e T 24
| | 2 \,ﬁ
Sol ) If% LT g,tl'u.:*nmSE oSy 2 mq—j dnd% < cosr < 53
I e . w4 ﬁ T T
SO0 V& [T T, S g Y T LA e
2 (’1 . 't [H coswde < 5= (3 6) |[Property 8];
2 Ll 3
that 1s, VAR = coszdr < \/_ .
24 /6 24
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65. Il f is continuous on [a, b, show that

‘ " F(x) dx

Wil

i ‘: | fix) | dx

[Hint: —| fx)| =fx) =< |f(x)]]

Sol ) Since —| f(x)| < f(x)< | f(x)| . it follows from Property 7 that

<[ o e

) feoldn< | < ) o)l de= ‘ ° feey

Note that the definite integral 1s a real number,

and so the following property applies:

—a< b<a=|b|<a for all real numbers 5 and nonnegative numbers a.
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66. Usec the result of Exercise 65 to show that

| 'ir_f{__r_] sin 2x dx

| Jo

= ":-: | f(x) | dx

Sol )

| ;’_‘ f(x)sin 2xdx

r 27 _
< | ) | /(x)sin 2x| dx
P 27T . P 27T
=] 5 | £(0)| |sin 2x| dx< | ) | /()| dx by Property 7 j

since  |sin 2x| < 1= | £()] |sin 2x| < | £(x)|.
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69-70 LExpress the limit as a definite integral.

n i .
69. lim Y, — [Hint: Consider f(x) = x™.]
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—— 5.3| THE FUNDAMENTAL THEOREM OF CALCULUS

7=18 Use Part 1 of the Fundamental Theorem of Calculus to find
the derivative of the function.

e Yy N
9.0g9(y) = | 7 sin ¢ dt

2 'y 2 / 2
Sol)  f(t)=t sint and g(y)=| ';r sintdt , so by FTCIL, ¢ (»)=f(y)=y sin y.

I F(x) = | 1 + sect dt

[# 20

{Hﬁm: ‘ W1+ sect dt = — ‘ "1 + sect df—,
Sol ) F(x) = / vV 1-+sect dt = —/” v 1+ sect dt

d =
= 3} =—— V1 +sectdt = —+/1+secx

dr

o
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Ctany =
|5 .‘;-' = v’ff A \"” d!r

w i)

it s s
Sol) Letwu = tanx. Then — = sec® z. Also, dy _ dy du

dx dr ~ dudz’

d. tan x
so ¢ =— \f”\f-“’fﬁ——/ \/f+wnff iﬁ

dz [o dut

/ du
= \u +v/u \/tan T + vtan z sec® 7.,
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19-42 Evaluate the integral.

30, ‘} (y — 1)@y + 1) dy

Sol ) frf(U — 12y + 1) dy = I”“}(Egz —y—1)dy

" .ITI-"-I' n
31 |7 sec?rdr
P

clh 2 /4
Sol ) J, see rdr=[tanr] =~ =tan i—tan 0=1-0=1
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2 2 g
42. '_1‘;‘{1'}{1’_1: where f(x) = -

X
4 —x° if0<zx=<

Sol ) J--g‘} f(z) dz = ’_Uj 2dz + JQ

Note that f 1s integrable by Theorem 3 in Section 5.2.
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51-52 Evaluate the integral and interpret it as a difference of

areas. Mustrate with a sketch.

e
e

BT * s
1 472 1 15

Sol ) —| = A= ===
Jlxdﬂc|:4x:|_] 1 2 3.75

52. ‘— sin x dx
~57/2 S/2_

Sol) |~ , Sinxdx=[-cosx]_ ) J_ \'_
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33=-56 Find the derivative of the function.

- Y W
53. glx) = I ————ii
2r " + ]
l: Hint: Iﬂ ’;(HJ dy = | H]' di + ‘ H} ._ffn:l
2 "}l "! 2 "}
3 -1 0 u -1 3 -1 2x u —1 3x u —1
Sol ) g(x)_| e di= | - du+| = du=—| = du+ | 2 du
2x 2x 0 : 2 0 2
1" +1 i +l u +l u +1 i +1
@0l d Gx)-1 d Ix-1 . 9x-1
/ x) — . xX) — . X — X —
=g (x)= o (2x)+ T (3x)=2- 5 +3. 5
(2x) +1 (3x) +1 4x +1 Ox +1
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73. Find a function f and a number « such that

& ' ¢ (1)

—dt = 2./x forall x = ()
& bl |III T

Sol) Usmg FTCI, we differentiate both sides of 6+‘J”': &;) dr=2 J;
f

X

To find a , we substitute x=« m the original equation

. ca f(O)
to obtain 6+ﬂ| T dF—Z\E — 6+D=2J_ —  3=ya = a=9.
f
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76. A high-tech company purchases a new computing system
whose initial value is V. The system will depreciate at the rate
f= f(r) and will accumulate maintenance costs at the rate
g = (1), where 1 is the time measured in months. The company
wants 1o determine the optimal time to replace the system.

(a) Let

|
C(r) = N “n [ f(s) + gls)]ds

Show that the critical numbers of C occur at the numbers ¢
where C(z) = f(z) + g(7).
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1 .t
Sol ) (a) C=+ ‘JO[ f(s)+ga(s)]ds .

Usmg FTC1 and the Product Rule, we have

/ 1 ot
¢ (=7 [£0+g0)]- = [1[fsy+e)]ds

t
1 1 ¢t
Set C (#)=0 : K [ /(1)+g(0)]- iz J 0[ F(s)+g(s)]ds=0

= [/ 1] f6)+)]ds=0
= [/(O)+g®)]-C()=0= C(O)=f(D)+g(®) .
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(b) Suppose that

v V
o — —= r if O < i@ = 30
(=415 450
0 if 1> 30
\d (1) Ve ~ 0
11 { — ] I =
g 12.900

Determine the length of time 7' for the total depreciation
D(t) = |c| f(s) ds 1o equal the initial value V.

V.oV
Sol) (b)For0<r<30 , we haxeD(r)—| ( 5 230 s) ds

Ty v v, v o
15 900° |o 157 900" -

V Vo2 2 2
So D(t)=V = 15?‘ 9001‘ V = 60r-t =900=r —60r+900=0

, 2 ... .
= (7-30) =0=-r=30. So the length of time 7" 1s 30 months.
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¢) Determine the absolute minimum ol C on (0, T |.
(d) Sketch the graphs of C and f + ¢ in the same coordinate
system, and verily the result in part (a) in this case.

Sol )

(()=-|<VL+V —2>i—=l Capa ay e
(©) 5 250" 12900° /7 | 155 900° " 38700 ° |o

1 (V v, v ) v v
== —t-—1+ f)=m -+ t
+ \ 157 900" "38.700 15 900" 38.700
. v 1 l
C =500 " To350 O When 15355 500 = 721
CORLS)-— - —— (215 21.5)20.05472V . C(U—K 0.06667V
(21.5)=75 ~ 590 G1-F %8,?00( )’““ T ’
d CG0=— 2 o)+ (30)°20.056597
and - C(30)= 75 = 500 GO 35700 B0 F0.056:

so the absolute mimimum 1s C(21.5)~0.05472V .
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. V )
AS ar e Ct)y=—-——1+
(d) As 1n part (c), we have C(z) 5~ 900 t 38.700 r

0 C(r)= LV v y VoV v
s0 C ('r) f(f)_i_g(f)‘: . 1+ j‘-zz _— - f
I5 900  38.700 15 450 12,900

2/ 1 1 L1
=T ( 12.900  38.700 >_f< 450 ~ 900 )

1/900 43

=3538700 2 2l

(]

Thus 15 the value of # that we obtained as the critical number of C' 1n part (c),

so we have verified the result of (a) in this case.

¥4

v _}-‘=f|:!]+g|:.f:!

15'\ h"
y=ca

0 205 30 1
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——— 5.4 | INDEFINITE INTEGRALS AND THE NET CHANGE THEOREM

5-18 Find the general indefinite integra

5/2 5/3

6. l (\r’}_‘ 4 .\,"F} o o /'(Ia;z 4 xzfaj P ir T

__ 2.5/2 |, 3.5/3 v
5/2+5/3+C;-§x +3z°P 4+ C

5

. " I 2
12, | [x*+ 1 + — Ix =X -1
‘.‘ ( .l,_' _|_ I ) Gl 3 +x+THIl x+c

14, ‘ (csc’t — 2e') dt = —cott — e
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21-44 Evaluate the integral.

A .
26. [ (2v+3)(3v-1)dv =[ (6v"+13v-5)dv

{513+Hl 5 4=23’+l—ﬂf-§ ’
31 21—10 Vv 21»' vo

=(128+104-20)-0=212

"!I

28. ‘ Va2rdr =[ 2 ¢ dr—[ﬁ =7 ‘]zzﬁé-ﬂ—ﬂ:lsﬁ

ro 3x — 2 9 172 ~1/2 2 32 112 ]2 3/2 1/2719
34. I dx =] 1(3x -2x )dx= |: 3 3" -2 2x i| 1=[2x —Ax ]]
- \‘-'_ -

=(54-12)-(2-4)=44
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M0 '2(”'1.
40. j - dx
J=10 sinh x + cosh x

|-.| "'ilr ]
f
gl P ol 1 E I
J =10 - ¢ € J

Il_ll I'} I "||:I 1||
/ 2 de = / 28y = |2.|"-‘ = 20 — (—20) = 40
I : A L
J 10 o : 10
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62. Water flows from the bottom of a storage tank at a rate of
r(t) = 200 — 47 liters per minute, where (0 = ¢ = 50. Find
the amount of water that lows from the tank during the first
10 minutes.

Sol ) By the Net Change Theorem, the amount of water that flows from the tank is

~10 10 2710 | .
] . r(t)dt=] , (200-41) dr=|:20{]r—2r ]U =(2000-200)-0=1800 liters.
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