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55| THE SUBSTITUTION RULE

|-6 Evaluate the integral by making the given substitution.

4 ‘ dt
(1= 6nt

u=1— 6t

(sol) Letu =1 — 6t.

Then du = —6dt and dt = __% du, SO

dt — 1 du ‘
; — = g = 1 uw du
(1 —6t)* u? e

1u3 . 1 1
= — = — ] (_,T — - (:T — . - :T
6 —3 182 N 18(1 — 6¢)2 e
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6. I e’ cos OdB, u = sin #

(sol) Letwu = siné.

Then du = cos 8 d8. so

f S0 oo dh = f e du=e*+C =e*"f 4
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7-46 Lvaluate the indefinite integral.

22. ‘f\,x sin(1 + x¥?) dx

'::5':]'1,:' Let uw = 1 4 J:.'S_f2+

Then du = % /2 0 and Vo dr = Edu SO

Il \/E%m 1+ 23/%) de = [ sinu ( du,)

= 2. (—cosu)+C = —%cos(1 + 233 4+ C.
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26. | e sintdr
(sol) Letwu = cost.
Then du = —sintdf and sint dt = —du, so
[etsintdt = [e* (—du) = —e* + C = —e°*" + C.

30, [0l .
X

(g0l) Letu = Inuz.

Then du = (1/x) dx, so

sin(ln x) . |
/——-“-"-( ~dr = ] sinudu = —cosu + C' = —cos(lnz) + C.

£
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(1

38, | ——
. cos /1 + tan ¢

(sol) Letw = 1 + tant.

Then du = sec? tdt, so

/' dt P sec? t dt " / du
cos?t+/1 +tant v 1+ tant a vV
1/2
_1.,."'.'2 u ]
— uw dy = —— C =2+v1+tant + C.
/ 7 + V14 tant + C
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51-70 Evaluate the definite integral.

52. l Va4 + 3x dx

S0

(sol) Letu =4+ 3z, so du = 3dz.

When z = 0, u = 4; when ¢ = 7, u = 25. Thus,

]J V4 + 3z dx = fl'h \/ﬂ(-% du)

1 [T_LH;’Q J 25
3 3/2 n

= 2(25%? - 43/2) = 2(125 — 8)
. 234 __
= 24 = 26.
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w2 e 2
5 e rfsina . rsinx .
— dax = 0 by Theorem 7(b).since f(x) = 15 an odd function.
I::S':}]./:I ./;w;'z 1 _{__ .'f[] y ( ) vf( ) 1 A4 mﬁ

65. |! x+/x — 1dx

(sol) Letu=z—1,sou+1=zanddu = dz.
Whenz =1, u=0;whenz =2, u = 1.

Thus,

S|

2 1
/ rvzr—1dx = / (u + 1)»/»5051;, = / (u®? + u'’?) du
1

0 o 0
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81. If f is continuous and ‘4]‘(,1') dx = 10, find ‘jj(Zx:) dx.
JO o

(s0l) Letu = 2.

Then du = 2dzx, so
f“g f(2x)dz = J:-‘ f(u)(5du) = 3 L:‘l f(w)du = 1(10) = 5.
82. If f is continuous and I:;Jf(x) dx = 4, find 'ﬂ xf(x?) dx.

(spl) Letwu = x2.

Then du = 2x dx, so

[Paf(a?)yde = [ flu)(hdu) = 1 2 flu)du=1(4) =2
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85.] If @ and b are positive numbers, show that

i‘] x(1 — x)’dx = ‘~] x(1 — x)*dx
WO 0

(sol) Letu=1—rz.
Thenx =1 — w and dz = —du, so

j;_}l 2*(1 —z)° de = ,fl{] (1 —u)* u®(—du)

= j{; u®(1 —u)%du = fﬂl z°(1 — z)¢ dz.
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86. If f is continuous on [0, 77], use the substitution u = 7 — x to
show that

lﬂﬂx‘f'[sin x)dx = = I‘w,f(ﬁin x) dx
Jo 2 Jo
(pf) Letu=m—x.

Then du = —dz.

Whenz = m, u =0and whenz = 0, u = 7.
S0

J§ 2f(sin)de = = [(r = u) f(sin(r — ) du = [7 (v

=7 [ f(sinu)du — [7u f(sinu) du
=7 [y f(sinz)dr — [z f(sinz) dz

= 2, x f(sinz) dex =7 [, f(sinz)dz

= J, z f(sinz)dz = [, f(sinz)dz.

pa =

—u) f(sinu) du
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6.1 | AREAS BETWEEN CURVES

I-4 Find the area of the shaded region.

4. ¥ . 3 - ‘ p ¥ 1
A (sol) A = [ [(2y — y°) — (yv° — 4y)| dy
Jo

2
x=y’—4y | _ ,
| ]

3
- / (—2y* + 6y) dy :
Jo
£

> il |_ I—E-'I 3 L Fif 27 <
/ It = [73Y Y Jo
. "z

= (18 +27)—0=09
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5=28 Sketch the region enclosed by the given curves. Decide
whether to integrate with respect to x or y. Draw a typical approx-
imating rectangle and label its height and width. Then find the
area of the region.

i |
17. y=+x, vy=3x, x=9

{5‘]1} %I:\/? — i:l?zz;ﬂ ] ifg—‘ihE:ﬂ:} :1:(;1:——4):[] =% @ =0ord. s

4 .19
::2] |- Erz e %3:;3;3}
2 4

=
5

6 = 52

HE
12

P

For4 <x<9
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6.2 | VOLUMES

1-18 Find the volume of the solid obtained by rotating the region
bounded by the given curves about the specified line. Sketch the
region, the solid, and a typical disk or washer.

10. y =x?°, x =1, y=0; about the y-axis

(sol) y=2°7 & z=y¢°/2

50 a cross-section is a washer with inner radius ¢/ and outer radius 1,

anditsareais  A(y) = w(1)% — n(y*/*)? = n(1 — ¢*).

EA () dy = [y (1= y°)dy
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18. y=x, y=0, x=2, x=4; aboutx =1

(sol)

For 0 < y < 2, a cross-section is an annulus with inner radius 2 — 1 and outer radius 4 — 1,
the area of whichis A (y) = m(4 — 1)* — n(2 — 1)*.

For 2 < y < 4, a cross-section is an annulus with inner radius y — 1 and outer radius 4 — 1,

the area of which is Az (y) = (4 — 1)* — n(y — 1)%.

= ﬂ[Sy]g +7Tf;(8+2'y —y*) dy
2 1,314 AR y=y
= 16?T—|—71'[8’.U‘5‘T — 3Y }2 4 jx=1

— 16m+7[(32+16 — &) — (16 +4— &)] 2 |

—ii.-’.a:rr 0 §2 4

3
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Il

6.3 | VOLUMES BY CYLINDRICAL SHELLS

3-7 Use the method of cylindrical shells to find the volume gener-
ated by rotating the region bounded by the given curves about the
y-axis. Sketch the region and a typical shell.

6. y=x>—6x+ 10, y=—x>+6x—06

(sol) v = f; 2rz[(—z® + 6z — 6) — (z® — 6z + 10)]dx = 27 f; z(—22% + 122 — 16) dz
=dr [ (—2° + 62% — 8z)dz = 4r [—3z* +22° - 41:2];

— 47[(—64 + 128 — 64) — (—4 + 16 — 16)] = 167

Vi

y=x>~6x+10

.----""-.'..'| A
| .
|

=Y
[

},.

v
- Y
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15-20 Use the method of cylindrical shells to find the volume gen-
erated by rotating the region bounded by the given curves about the
specified axis. Sketch the region and a typical shell.

16. vy = x/; y=0, x=1; aboutx = —1
(sol) The shell has radius - — (—1) = z + 1, circumference 27 (z + 1), and height v/z.
V= fD]. 21 (x + 1)\/;@'1{:

= 2T [“1(1"32 + zY?) dx

1
— 2| =

_I fe I
2.5/2 4 %rsfz}

B
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19. y=x", y=0, x=1; abouty=1

(sol) The shell has radius 1 — y, circumference 2n(1 — v),

and height 1 — \‘/"y_ [;ﬁ;zxa o L=l y},

y 1, !
V= [y 2r(1 —y)(1 — y'/3) dy

1 - / ¥4

=2m [y (1—y—y/° +y*3) dy y=x°
, 1
=27 {v — sy’ — 343 4 Ey"”ﬂ} 1
& x=1

=2n[(1-3-3+%) ) |

5 £ ) /Tﬁ .}1:0 .I'
=27 (g5) = 537
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21-26 Set up, but do not evaluate, an integral for the volume
of the solid obtained by rotating the region bounded by the given
curves about the specified axis.

e

25-| X = *\.-'fﬁ.iu }:? CI = _}_! = m, X = [-}? about J_.- — 4

(sol) V= [“.r 27(4 — y) /siny dy

¥a
9 ”\: : 4
Thw x=1+/siny
} >
0 | X
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6.4 WORK

2. Find the work done 1f a constant force of 100 Ib is used to pull
a cart a distance of 200 ft.

(sol) W = Fd = (100)(200) = 20,000 fi-Ib
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