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A sequence di,ds, . .., d, of nonegative integers is called the Degree Sequence of a graph G if the
vertices of G can be labeled vy, v, ..., v, such that degvy = dj, for each k, 1 <k < p. A sequence
ai,asy,...,a, of nonnegative integers is called graphical if it is the degree sequence of some graph.
Any graphical sequence clearly satisfies the two conditions ay < p — 1 for each k and Y 7_, a
is even. However, these two conditions together do not ensure that a sequence will be graphical.
Necessary and sufficient conditions for a sequence of nonnegative integers to be graphical are well
known. Two characterizations of graphical sequences are due to Havel, Hakimi and Erdos & Gallai:

Theorem H-H (Havel [3] and Hakimi [2]). A sequence of nonnegative integers a1, ao, ..., a, with
ar > az > -+ > ap, a1 > 1 and p > 3 is graphical if and only if the sequence a2 — 1,a3 —
1,...,80,41 — 1,a4,42,...,ap is graphical.

Theorem EG (Erdds and Gallai [1]). A sequence of positive integers ai,as,...,ap with a; >
ag > -+ > ap is graphical if and only if >°7_, aj, is even and for each integer n, 1 <n <p—1,

n p
Z ar <n(n—1)+ Z min(n, ag).
k=1 k=n+1

The theorem of Erdds and Gallai (Theorem EG) requires the verification of an inequality for
each n, 1 < n < p—1. It is interesting to observe that the inequality need not be checked for
n > s, where s is the largest integer such that a; > s — 1. For n > s, the inequality in Theorem

EG reduces to
n P
Z ar <n(n—1)+ Z ag.
k=1 k=n+1
Consider the difference between the right- and left-hand sides of the inequality as a function of
n. Replacing n by n + 1, this difference increases by 2(n — an+1) > 0 since n > s. Thus, assuming
the inequality holds for all n < s, it will also hold for all n < p—1. We record this observation as a

Lemma 1. Let {a1,a2,-.. ,ap} be a sequence of positive integers with a1 > ag > --- > a,. Let s be
the largest integer such that a; > s — 1. Then the sequence {a1,as,...,a,} is graphical if and only
if 22:1 ay, 1s even and for each integer n, 1 <n < s,

P
iakgn(n—l)—k Z ag.
k=1

k=n+1
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The lemma states that the number of inequalities to check in Theorem EG can be reduced. The
purpose of this note is prove a refined form of Theorem EG mentioned in the introduction. We
show that in case of multiple occurrences of numbers in the degree sequence, it suffices to check
the inequality in Theorem EG only at the end of each segment of repeated values. Throughout this
paper we shall employ the notation (a),, to denote m occurrences of the integer a. Thus, we may
denote a typical degree sequence by

§ = (afl)mm (G'Z)mza RN (a'l)mp (1)

where a1 > a9 > --- > ay and each my; > 1 with m1 +mo +--- +my = p.

We shall write
k t

O = Z myg, with a0 = 0, and Sr,t = Z ;M.

=1 =7

Our main result is the

Theorem: A sequence (1) is graphical if and only if S;; is even and the inequality in Theorem
EG holds for n =0y, 1 < k < /.

Proof. By Theorem EG, we only need to prove that checking the inequality at each oy implies
the inequality holds at each n. Suppose the inequality holds at each oy, but is not valid for some
n = N. Let Ny be the least such N, and write

No =0 +n', where 1§n'<mk+1 and 0<k < /.
Thus,

Sik+agpn’ > (op+n')(ox+n' —1) + (M1 —n') min(agy1,06 +n')
+mygo min(agio, 0 +n') + -+ +my min(ag, o +n') (2)

and

Sig+ag(n'—1) < (op+n'=1)(og+n'—2)+ (mpy1 —n' + 1) min(agy1,06 +n' — 1)
+my1o min(agio, 0 +n' —1) 4+ -+ + mp min(ag, o +n' — 1) (3)

Suppose now that ag11 < o +n'. Then subtracting (3) from (2) gives the inequality
ags1 > 2(0p +n' — 1) — agq1,
which contradicts our assumption. Thus,
ak+1 > og+n' (4)
and (2) reduces to

Sik+ agyin’ > (ok +n")(oks1 — 1) + myyo min(agyo, 0k + 1)
+ -+ +my min(ag, 0% +n') (5)



Let r be such that a, < ox + n’ < a,_1. Such an r exists because o + n' < ay together with (5)
would imply
ai(og +n') > S1x +agin’ > (o8 +n')(0p — 1),

which is impossible since a; < p — 1= 0y — 1. From (4), » > k + 2, and (5) further reduces to

Sl,k + ak+1n' > (o + n')(or_l -1)+ S,«,g (6)
and (3) similarly to

Sigp+apti(n'—1) < (o +n' —1)(op—1 — 1)+ Srse (7)

Now subtracting (7) from (6) yields
Ag+1 2> Op—1 (8)

Let n"” be the largest integer < myy1 for which the inequality in Theorem EG is not valid for
o +n'"; from the definition, n’ <n"” < myy1. Furthermore, analogous to (2) and (3), we have

Sk + agrin” > (op+n")(opg+n" — 1)+ (mgs1 —n") min(agi1,0r +n")
+mpg+o min(agi2,08 +n") +--- +my min(ag, o +n") (9)

and

Stk +agsa(n” +1) < (op+n") (o +n" +1) + (mgy1 —n" — 1) min(agi1,06 +n" +1)
+mg4o min(a;H_g, o + n" + 1) + -+ my min(ag, oL + n" + 1) (10)

By (8), ox +n" < ogy1 < 041 < agy1. Define s such that a; < o +n” < as_1, and note that
k+1 < s <r. Now, the difference between the right hand sides of (9) and (10) equals

200k +n") + (mpp1 —op —2n" = 1) + mygp+ -+ my_y =051 — 1.
Since a1 is the difference between the left hand sides of (9) and (10), the inequalities
05-1—1 <051 <0op1 < Qg1

lead to a contradiction. This completes the proof of our result. O
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