MAT 137Y 2007-08 Winter Session, Solutions to Problem Set 3

1 (SHE Section 1.2)

74. If a= b = /2 then a+ b = 2+/2, which is irrational. If a = v/2 and b = —v/2, then a + b =0,
which is rational.
Ifa=+v2andb=1+ \@, then ab = /2 + 2 is irrational (see 1.2 #71). However, ifa=b = \/i,
then ab = 2, which is rational.

76. Suppose v/3 is rational. Then v/3 = a/b, where a and b are integers and a and b have no common
factors. Squaring both sides gives us 3 = a?/b? or a®> = 3b*. Since 3b? is clearly divisible by
3, then a? is also divisible by 3. It also follows that a must be divisible by 3: suppose not, then
a =3k+1 or a = 3k + 2 for some integer k, but

(3k+1)> = 9k* + 6k +1 = 3(k* +2k) + 1(3k +2)> =9k* + 12k +4 =3(k* +4k+ 1)+ 1

so a? can’t be divisible by 3, a contradiction. Thus a = 3m for some integer m, so (3m)2 = 3p2,

which implies 5> = 3m?. This implies that b? is divisible by 3, which thereby implies that b is
divisible by 3. But since a and b are both divisible by 3, this contradicts the assumption that a
and b have no common factors, hence v/3 must be irrational.

2 Since 14a+21b =7(2a+ 3b) and 2a+ 3b is an integer, it follows that 7(2a + 3b) is divisible by 7.
But 100 is not divisible by 7, so there are no integers a and b such that 14a+21b = 100.

3 We prove for all integers n > 0 that n® 4 (n+ 1) 4+ (n +2)? is divisible by 9 by induction. The
statement is true for n = 0, since n* + (n+ 1) + (n+2)> = 9 is clearly divisible by 9. Now suppose
k3 + (k+1)> + (k+2)? is divisible by 9. Then

(k413 4+ (k+2)° + (k+3)° = (k+1)* + (k+2)° + & +9k* + 27k +27

which is clearly divisible by 9 since (k+ 1)3 + (k+2)* + &> is divisible by 9 by the induction hypoth-
esis, and 9k? + 27k +27 = 9(k* + 3k + 3) is also divisible by 9, hence the sum is divisible by 9. Hence
the statement is true for all integers n > 0.
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4 We prove that Z Vs 2(vn+1—1) for all positive integers n. The statement is true for n = 1
j=1
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since z:jfl/2 =1> 2(\/5— 1) (since 8 <9 = 2v2 <3 = 1 >2v2—2). Now suppose
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Z j*1/2 > 2(\/m— 1) for some integer k. Then
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which is true for all positive integers k since

2k +3)?
4> 4+12k+9 > 4> + 12k 48 = (2k+3)> > 4(k+2)(k+1) = (kil)>4(k+2)
2k+3
Vk+1

5 We prove this using strong induction on n. The statement is true for n = 2 and n = 3 since
Fil+F=142=3=1,, B+FE=14+3=4=1;.

Now suppose the statement L, = F,,_| + F,1 is true for n = 1,2,3,4,... k. We wish to show the
statement is true for n = k+ 1, that is, L1 = Figy1)-1 + Fx1-1)41. The result follows since

Figy—1 + Fory1 = Fo + Fgo = (Fe + Fe2) + (Fr + Fi) = (Feo1 + Fr) + (Fea + Fr)
=Ly +Lg—1 = Li+a,

so the statement is true for all n, thus completing the proof.

6 (SHE 2.2)
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12. Sincex — 07, thenx < 0, s0 lim — =
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22. Using the figure, only & works.

26. For € = {5, we choose § = 3. If 0 < [x—2| < 1, then |1x— 2| L=
1
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7 We choose § = 5. If [x — 2| < §5, then [Sx— 10| = §[x—2| < 5- & = 1.

8 We choose § = ti55. If 0 < |x — 3| < w255 then [x* — 81| =[x +9| - [x+ 3| - [x — 3|. In particular,
8 < 1, which means |x — 3| < 1, so 2 < x < 4, which implies |x*+9| < 25 and |x+ 3| < 7, so
x* — 81| = x> + 9| |x+3| - [x = 3| <257 55555 = 185 Which is what we require.

9 Here we choose § = 1. If 0 < |x— 3| < I, then |x* — 81| = [x* +9| - |x+ 3| - |x— 3|. In particular,
8 = 1, which means |x—3| < 1, so 2 < x < 4, which implies |x*> +9| < 25 and |x+ 3| < 7, so
Ix* — 81| = |x2 +9|- |x+3|-|x—3| <25-7-1 =175 < 1000, which is what we require.

10 (i) We show that lin%(3x — 1) =5, in other words, for any € > 0 there exists 0 > 0 such that 0 <
xX—
|x —2| < & implies |(3x—1) — 5| < &. Choose § = £. Then if 0 < |[x —2| < &, we have |(3x —
1)=5[=3x—6|=3[x—2[ <35 =3-§ =¢,0r |3x—1) — 5| < €, as required.
(ii) We show that lin(1)(2 — 5x) = 2, in other words, for any € > 0 there exists § > 0 such that 0 <
X—>
|x| < & implies |(2 —5x) —2| < €. Choose § = £. Thenif 0 < |x| <&, [(2—5x) —2| = | —5x| =
5)x| <56 =5-£ =¢€,o0r|(2—5x) —2| <&, as required.
2

(iii) We show that lim

x—4 X+

= 3, so we need to show that for any € > 0 there exists 6 > 0 such that
2

0 < |x—4| < & implies :

] —3‘ < €. Choose § = min(1,€). Then 0 < |x —4| < § implies

(x—4)(x+1)
x+1

=1 ‘

—1-3x+1)|
x+1 N

¥ —3x—4 B
x+1 o

x+1

‘: |x — 4]



(iv)

v)

since § < 1 implies |[x —4| < 1 or 3 < x < 5, therefore x # —1. Since |x —4| < 6 < €, thus
-1
x+1

- 3‘ < € as required.

We show that lirré x? 435 = 3, so we need to show that for any € > 0, there exists § > 0 such

that 0 < [x—2| < & implies |[Vx>+5 —3| < &. Choose § = min(1,2¢). Then 0 < [x—2| < §
and 0 < |x—2| < 1,0 1 < x < 3. Hence
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since 1/(Vx?+543) < % regardless of the value of x.
2

We show that hm so we need to show that for any € > 0, there exists § > 0 such that
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E+%‘<g' Chooseﬁzmin(4,31) WehaV65<4s00<\x 2|<5

implies [x— 3| < = 3 <x <] thus [x+6| <3 and 1/[x—2| <+ =4.If0< |x—3| <,
1
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which is what is required.



