Collective dynamics of “small-world” networks

Duncan J. Watts & Steven H. Strogatz

Regular Networks (£ X) ; http://geza.kzoo.edu/~csardi/module/html/regular.html

1. Rings

A ring is a connected graph in which each vertex is connected to exactly two other vertices.
2. Lattices

A lattice is a graph in which the vertices are placed on a grid and the neighboring vertices are
connected by an edge. A one dimensional lattice is like a ring, only it is not circular, the circle is not

closed. A two dimensional lattice can be seen in the following picture:
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3. Trees

A tree is a connected graph which contains no circles (cycles). A tree graph is usually plotted “tree-like” with its root
on the top and then its branches going downward. (Hence its name.) The top vertex is called the “root” and the
vertices at the next lower level are called the children of the root. In general the neighbors of a vertex at a lower level
are called the children of that vertex.

4. Stars
A star graph is a special tree, where every vertex is connected to the root.
S. Full graph

In a full graph every possible edge is realized, ie. there is an edge between every pair of vertices.
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Erdos-Rényi random graphs

G(n,p) graphs are generated this way: the graph contains n vertices. Then for every pair of vertices with
probability p an edge is drawn connecting them. Below is a G(n,p) graph with n=100 and p=2/100.
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small-world” networks =32°| =Xl
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“On the contrary, Fig. 2 reveals that there is a broad interval of p over which L(p) is almost as small as
Lrandom yet C(p) > C,,,....[hese small-world networks result from the immediate drop in L(p) caused by the
introduction of a few long-range edges. Such ‘short cuts’ connect vertices that would otherwise be much farther
apart than Lrandom. For small p, each short cut has a highly nonlinear effect on L, contracting the distance not
just between the pair of vertices that it connects, but between their immediate neighbourhoods, neighbourhoods
of neighbourhoods and so on. By contrast, an edge

removed from a clustered neighbourhood to make a short cut has, at most, a linear effect on C; hence C(p)
remains practically unchanged for small p even though L(p) drops rapidly. The important implication here is
that at the local level (as reflected by C(p)), the transition to a small world is almost undetectable. To check the
robustness of these results, we have tested many different types of initial regular graphs, as well as different
algorithms for random rewiring, and all give qualitatively similar results. The only requirement is that the
rewired edges must typically connect vertices that would otherwise be much farther apart than Lrandom.”
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realizations of the rewiring process described in Fig. 1, and have been normalized
by the values L(0), C{0) for a regular lattice. All the graphs have n = 1,000 vertices
and an average degree of kK = 10 edges per vertex, WWe note that a logarthmic
horizontal scale has been used to resolve the rapid dropin L(p), corresponding to
the onset of the small-world phenomenon, During this drop, Cz) remains almost
constant at its value for the regular lattice, indicating that the transition to a small
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Table 1 Empirical examples of small-world networks

l"—actual Lrandom Cac‘[ual ICrandc)m
Film actors 3.65 2.99 0.79 0.00027
Power grid 18.7 12.4 0.080 0.005
C. elegans 2.65 2.2b 0.28 0.05

Characteristic path length L and clustering coefficient C for three real networks, compared
to random graphs with the same number of vertices (n) and average number of edges per
vertex (k). (Actors:n = 225,226,k = 61. Power grid:n = 4,941, k = 2.67.C. elegans:n = 282,
k = 14.) The graphs are defined as follows. Two actors are joined by an edge if they have
acted in a film together. We restrict attention to the giant connected component™ of this
graph, which includes ~90% of all actors listed in the Internet Movie Database (available at
http://us.imdb.com), as of April 1997. For the power grid, vertices represent generators,
transformers and substations, and edges represent high-voltage transmission lines
between them. For C. elegans, an edge joins two neurons if they are connected by either
a synapse or a gap junction. We treat all edges as undirected and unweighted, and all
vertices as identical, recognizing that these are crude approximations. All three networks
show the small-world phenomenon: L = L, 4o OULC > C..dorm-
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Figure 3 Simulation results for a simple model of disease spreading. The

community structure is given by one realization of the family of randomly rewired
graphs used in Fig. 1. a, Critical infectiousness rng5, at which the disease infects
half the population, decreases with p. b, The time 7T(p) required for a maximally
infectious disease (r = 1) to spread throughout the entire population has essen-
tially the same functional form as the characteristic path length L(p). Evenifonly a
few per cent of the edges in the original lattice are randomly rewired, the time to

global infection is nearly as short as for a random graph.
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